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Abstract 
In this paper, we investigate the irredundant set and irredundant number of middle graphs of Path, Cycle and Star. 
The minimum cardinality of a maximal irredundant set in 𝐺 is called the irredundance number of 𝐺 and is denoted 
by 𝑖𝑟(𝐺). The irredundant number, 𝑖𝑟(𝐺) = 𝑚𝑖𝑛{|𝑆|: 𝑆 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑖𝑟𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑠𝑒𝑡}.  
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INTRODUCTION 
A set of vertices )(GVS   is an irredundant set if for every vertex ][}]{[, SNvSNSv − . The 

private neighborhood ],[ Svpn  of Sv  is defined by }]{[][=],[ vSNvNSvpn −− . If S  is an 

irredundant set of vertices in a graph G , then for each Sv , the set ],[ Svpn  is nonempty. If ],[ Svpn  
is empty, then S is a redundant set. A maximal irredundant set is an irredundant set that cannot be 
expanded to another irredundant set by addition of any vertex in the graph. The minimum cardinality of 
a maximal irredundant set in G  is called the irredundance number of G  and is denoted by )(Gir . The 
irredundant number, ir(G) = min{|S|: S is a maximal irredundant set}. The number of neighbors of 
a vertex is called its degree, |)(=|)( vNvd . Irredundance concepts in graphs was defined by Cockayne.  

Definition : The middle graph of a connected graph G  denoted by )(GM  is the graph whose vertex set 

is )()( GEGV   where two vertices are adjacent if either they are adjacent edges of G  or one is a vertex 

of G  and the other is an edge incident with it.[8] 
  
Middle graph of known graphs and their irredundant number 
Theorem 1: Let nvvv 21  be the path nP  and 1,1= 1 −+ nivvu iii . Then, in 

},,,,{=),( 1531 −nn uuuuSPM   is a minimum irredundant set for 3n .  

Proof. Given, path nP  is nvvv 21  and 1,1= 1 −+ nivvu iii . Then 

1},1/1,{=))(( − njniuvPMV jin . In )( nPM , 1v  is adjacent to 1u , nv  is adjacent to 1−nu , 

iv  is adjacent to 1−iu  and iu  for 12 − ni , 1u  is adjacent to 21,vv  and 2u , 1−nu  is adjacent to 

nn vv ,1−  and 2−nu  and iu  is adjacent to iii vuu ,, 11 +−  and 1+iv , for 22 − ni . Clearly, 

12|=))((| −nPMV n  and 43|=))((| −nPME n .  

 
 
 

 

                                                         Fig. 1 
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 Here, },,,,{=][},,,,,{=][},,,,{=][ 65465543243321211 uuuvvuNuuuvvuNuuvvuN . Proceeding like 

this we get },,,,{=][ 111 +−+ iiiiii uuuvvuN  where modi 1( 2)  and },,,{=][ 12111 −−+−− nnnnn uuvvuN . 

Here, ][][][ 131 − nuNuNuN  . Hence, we obtain a set },,,{= 131 −nuuuS   where 

))((=][ nPMVSN . Clearly, },{=][,},,{=],[},,{=],[ 11433211 nnn vvupnvvSupnvvSupn −− . 

Clearly, for each vertex Sui  , ],[ Supn i . Therefore, S  is an irredundant set. Now, we show that 

S  is a minimum irredundant set for )( nPM  that is to show that S  is a maximal irredundant set with a 

minimum cardinality. Suppose, S  is not a maximal irredundant set. Then there exists a vertex SVw −

, where w  can be either iv  or 
ju , for which }{= wSS   is irredundant, ni 1  and 

2},{2,4, − nj  . In particular that ],[ Swpn , for all Sw  . If nivw i ,1= , then 

=))((},{=}]{[][=],[=],[ 1 niiiii PMVuuvSNvNSvpnSwpn −−−
− . Similarly, for 

=],[2},,{2,4,,= Swpnnjuw j
−  . Hence, S   is a redundant set which is contradiction to S   

is an irredundant set. Thus, S  is a maximal irredundant set with a minimum cardinality. Hence, 
},,,{= 131 −nuuuS   is a minimum irredundant set for )( nPM  where n  is even. Similarly, if n  is odd, 

then },,,,{= 1231 −− nn uuuuS   is a minimum irredundant set for )( nPM . Therefore, 

},,,,{= 1531 −nuuuuS   is a minimum irredundant set for 3n .  

Theorem 2:  For the graph )( nPM  where 3n , 
2

=)((
n

PMir n .  

Proof. By Theorem 1, if n  is even then },,,{= 131 −nuuuS   is a minimum irredundant set for )( nPM  

with 
2

|=|
n

S  and if n  is odd, then },,,,{= 1231 −− nn uuuuS   is a minimum irredundant set for )( nPM  

with 1
2

1
|=| +

−n
S . This shows that 

2
=))((
n

PMir n .  

Example:  Consider the graph )( 6PM  given in the Figure 2, By Theorem 1 , },,{= 531 uuuS  is a 

minimum irredundant set. Also, by Theorem 2.2, 3.=
2

6
|==|)(( 6 SPMir  

 
                                                          
                                                                Fig. 2 
 
Theorem 3: Let nvvvv 21  be the star nK1,  where, nvvv ,,, 21   are the end vertices and v  be the full 

vertex in nK1, , and nivvu ii ,= . Then in ),( 1,nKM },,,{= 21 nuuuS   is a minimum irredundant 

set for 2n .  
Proof. Given, star nK1,  is nvvvv 21  where, nvvv ,,, 21   are the end vertices and v  be the full vertex 

in nK1, , and nivvu ii ,= . Then },1/1,,{=))(( 1, njniuvvKMV jin  . In )( 1,nKM  each 

iu  is adjacent to v  and iv  for ni 1  and iu  is adjacent to ju  where ji   and nj 1  in 
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)( 1,nKM . Hence, ],,,[ 21 nuuuG   is a complete graph in )( 1,nKM . Clearly, 12|=))((| 1, +nKMV n
 

and 
2

3)(
|=))((| 1,

+nn
KME n

. 

 
                                                   
                                                Fig. 3 
 
 Here, },,,,,{=][},,,,,,{=][},,,,,,{=][ 213321222111 nnn uuuvvuNuuuvvuNuuuvvuN  . 

Proceeding like this we get nii uuuvvuN ,,,,,=][ 21   where ni 1 . Clearly, 

][][][][ 321 nuNuNuNuN   . Hence, we obtain a set },,,{= 21 nuuuS   where 

)).((=][ 1,nKMVSN  Clearly, }{=],[,},{=],[},{=],[ 2211 nn vSupnvSupnvSupn  . Clearly, for 

each vertex Sui  , ],[ Supn i . Therefore, S  is an irredundant set. Now, we show that S  is a 

minimum irredundant set for )( 1,nKM  that is to show that S  is a maximal irredundant set with a 

minimum cardinality. Suppose, S  is not a maximal irredundant set. Then there exists a vertex SVw −

, where w  can be either v  or iv , for which }{= wSS   is irredundant, ni 1 . In particular that 

],[ Swpn , for all Sw  . If ,= vw  then 

=))((},,,{=}]{[][=],[=],[ 1,21 nn KMVuuuvSNvNSvpnSwpn −−−  . Similarly, if 

,,1= nivw i   then .=))((}{=}]{[][=],[=],[ 1, niiii KMVuvSnvNSvpnSwpn −−  Hence, 

S   is a redundant set which is contradiction to S   is an irredundant set. Thus, S  is a maximal 
irredundant set with a minimum cardinality. Hence, },,,{= 21 nuuuS   is a minimum irredundant set 

for )( 1,nKM  for 2n .  

 
Theorem 4: For the graph )( 1,nKM , 2)( n , nKMir n =))(( 1,

.  

Proof. By Theorem 3, the minimum irredundant set for )( 1,nKM  is },,,{= 21 nuuuS  . By the 

definition of irredundant number, nSKMir n |==|))(( 1, .  

Example : Consider the graph )( 1,6KM  given in the Figure 4, By Theorem 3, },,,,,{= 654321 uuuuuuS  

is the minimum irredundant set. Also, by Theorem 4, 6|==|))(( 1,6 SKMir . 

 
 
                              
 
 
 
 
 
                                                     Fig. 4 
Theorem 5: Let 121 vvvv n  be the cycle nC  and nivvu iii + ,1= 1 . Then, in ),( nCM  for 3,n

},,,,{=
1}2

2
{

42
−+

++ n
i

iii uuuuS   is the minimum irredundant set for ni 1  and the suffices modulo 

n.  
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Proof. Given, 121 vvvv n  be the cycle nC  and nivvu iii + ,1= 1 , where the suffices modulo n . Then 

}/1,{=))(( niuvCMV iin  . In )( nCM , 1u  is adjacent to 12 ,, vuu n  and 
2v ; iu  is adjacent to 

iii vuu ,, 11 +−  and 1+iv  for 12 − ni  , nu  is adjacent to nn vuu ,, 11 −  and 1v , iv  is adjacent to iu  and 

1−iu  for 11 − ni  and nv  is adjacent to nu  and 1−nu , where 4=)(
.
iu  and 2=)(

.
iv  in )( nCM . 

Thus, nuuu ,,, 21   induces a cycle of length n . Clearly, nCMV n 2|=))((|  and nCME n 3|=))((| . 

 

 
                                                    Fig. 5  
 
By the construction of )( nCM , starting with the vertex iu  for ni 1 , we have 

},,,,{=][ 111 +−+ iiiiii uuuvvuN  and 5|=][| iuN . Hence, the next vertex to be chosen as 2+iu , where 

},,,,{=][ 312322 ++++++ iiiiii uuuvvuN . Clearly, ][][ 2+ ii uNuN . Proceeding like this, we can choose the 

set as },,,,{=
1}2

2
{

42
−+

++ n
i

iii uuuuS   where ))((=][ nCMVSN . Here, 

  ++++ },{=],[,},{=],[ 3221 iiiiii vvSupnvvSupn  and so on. Thus, it is clear that for every 

 ],[, SupnSu . Therefore, S  is an irredundant set. Now, we show that S  is a maximal irredundant 

set. Suppose, S  is not a maximal irredundant set. Then, there exists a vertex SVw − , where w  can 
be either iv  or 

ju , for which }{= wSS   is irredundant, ni 1  and Sniuu ij − }/1{ . In 

particular that ],[ Swpn  for all Sw  . If nivw i ,1= , then 

=))((},{=}]{[][=],[=],[ 1 niiiii CMVuuvSNvNSvpnSwpn −−−
− . Similarly, if 

,}/1{,= Sniuuuw ijj −  then =],[ Swpn  . Hence, S   is a redundant set which is 

contradiction to S   is an irredundant set. Hence, S  is a redundant set which is contradiction to S  is 
an irredundant set. Thus, S  is a maximal irredundant set with a minimum cardinality. Hence, 

},,,,{=
1}2

2
{

42
−+

++ n
i

iii uuuuS   is the minimum irredundant set for ni 1  and the suffices modulo 

n . Hence the proof.  
 

Theorem 6: For the graph )( nCM , 3)( n , 
2

=)((
n

CMir n .  

Proof. By Theorem 3, the minimum irredundant set for )( nCM  is },,,,{=
1}2

2
{

42
−+

++ n
i

iii uuuuS   

where ni 1  and the suffices modulo n . By the definition of irredundant number, 


2

|==|)((
n

SCMir n .  
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Example : Consider the graph )( 6CM  given in the Figure 6, By Theorem 3 },,{= 531 uuuS  is the 

minimum irredundant set. Also, by Theorem 4, 3=
2

6
|==|)(( 6 SCMir . 

 
                                                                             Fig. 6 
 
REFERENCES 
[1] Cockayne EJ, Hedetniemi SM, Hedetniemi ST, Mynhardt CM, “Irredundant and perfect neighbourhood sets in trees”, 
Discrete Math., vol. 188, pp. 253 – 260(1998). 
[2] Cockayne EJ, Hedetniemi ST, 1977, “Towards a theory of domination in Graphs”, Networks, vol. 7, pp. 247 – 261(1977). 
[3] Haynes TM, Hedetniemi ST, Slater PJ, “Domination in Graphs: Advanced Topics”, Marcel Dekker, Inc., New York (1998). 
[4] Haynes TM, Hedetniemi ST, Slater PJ, “Fundamentals of Domination in Graphs”, Marcel Dekker, Inc., New York(1998). 
[5] Hedetniemi ST, Laskar RC, Pfaff J, “Irredundance in Graphs – A Survey”, Congr. Numer., vol. 48, pp. 183-193(1985). 
[6] Delbin Prema S, Jayasekaran C, “Relations on Irredundance and Domination numberon Quartic Graph with Girth 3”, 
Journal of Advance Research in Dynamical and Control Systems, vol. 10, no.14, pp. 1719-1729(2018). 
[7] Jayasekaran C, Delbin Prema S, Ashwin Prakash SV, “Relations on Irredundance and Domination Number for six regular 
Graph with Girth 3”, Malaya Journal of Matematik, vol. 8, no. 3, pp. 856-861(2020). 
[8] Danuta Michalak, “On Middle and total graphs with coarseness number equal 1”, Graph theory, Proc. Conf; Lagow/pol. 
1981, Lect. Notes Math. 1018 Springer, Berlin, 139-150 (1983). 


