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Abstract 
Let 𝐺 be a (𝑝, 𝑞) graph. Let 𝑉 be an inner product space with basis 𝑆. We denote the inner product of the vectors x and y 
by <  𝑥, 𝑦 >. Let 𝜑: 𝑉(𝐺) → 𝑆 be a function. For each edge 𝑢𝑣 assign the label< 𝜑(𝑢), 𝜑(𝑣) >. We say that 𝜑 is a 
vector basis 𝑆-cordial labeling if |𝜑𝑥 − 𝜑𝑦| ≤ 1 and |𝛾𝑖 − 𝛾𝑗| ≤ 1 where 𝜑𝑥denotes the number of vertices labeled with 
the vector 𝑥 and 𝛾𝑖 denotes the number of edges labeled with the scalar 𝑖. A graph with a vector basis 𝑆-cordial labeling is 
called a vector basis 𝑆-cordial graph. In this paper, we investigate the vector basis𝑆-cordial labeling behavior of corona 
product of alternate generalized snake graph with m copies of K1 graph where 𝑆 =
{(1,1,1,1), (1,1,1,0), (1,1,0,0), (1,0,0,0)} is a basis in 𝑅4. 
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2020 Mathematics Subject Classification: 05C78. 
 
INTRODUCTION 
In this paper, we consider only finite, simple and undirected graph 𝐺 = (𝑉(𝐺), 𝐸(𝐺)) where 𝑉(𝐺) and 𝐸(𝐺) 
respectively, denote the vertex set and edge set of 𝐺. Note that 𝑝 = |𝑉(𝐺)| and 𝑞 = |𝐸(𝐺)| denote the number 
of vertices and edges of 𝐺 respectively. The idea of graph labeling was first introduced by Rosa in 1967 [11]. For 
a dynamic survey on graph labeling, we refer to Gallian [3]. Total edge irregularity strength for some snake related 
graphs was discussed in [1,15,16].The heronian mean labeling of graphs was introduced by Santhiya et al. [12] 
and also proved that the path, cycle, comb, dragon, triangular snake, quadrilateral snake, double triangular snake 
double quadrilateral snake, triple triangular snake, triple quadrilateral snake, star 𝐾1,𝑛 , 𝑛 ≤  5 and complete 
graph 𝐾𝑛, 𝑛 ≤  4 admits heronian mean labeling [12, 13, 14]. The concept of cordial labeling was first 
introduced by Cahit [2]. For the terminologies and different notations of graph theory, we refer the book of 
Harary [4]and of algebra, we refer the book of Herstein [5]. Pair mean cordial labeling of triangular snake, 
alternate triangular snake, quadrilateral snake and alternate quadrilateral snake, hexagonal snake, irregular 
quadrilateral snake and triple triangular snake were discussed in [9,10]. We state a few definitions which are 
needed for proving the main results. 
Definition 1.1. The generalized snake graph 𝐺𝑆𝑛,𝑘 is obtained from the path 𝑃𝑛 by replaced each edge of the 
path by the cycle 𝐶𝑘. 
Definition 1.2. The corona 𝐺1⨀𝐺2 of two graphs 𝐺1and 𝐺2 is obtained by taking one copy of 𝐺1 and |𝑉(𝐺1)| 
copies of 𝐺2 and joining each vertex of the 𝑖th copy of 𝐺2 to the 𝑖th vertex of 𝐺1.   
Definition 1.3. The generalized alternate snake graph 𝐺𝐴𝑆𝑛,𝑘 is obtained from the path 𝑃𝑛 by replaced each 
alternate edge of the path by the cycle 𝐶𝑘.We have introduced new labeling technique called vector basis S-cordial 
labeling in [6] and investigated the vector basis vector basis {(1,1,1,1), (1,1,1,0), (1,1,0,0), (1,0,0,0)}-cordial 
labelling behavior of some standard graphs like path, cycle, comb, star, complete graph, generalized friendship 
graph, tadpole graph, gear graph and thorn related graphs in [6-8]. In this paper, we investigate the vector basis 
{(1,1,1,1), (1,1,1,0), (1,1,0,0), (1,0,0,0)}-cordial labeling behavior of corona product of generalized alternate 
snake graph with m copies of K1 graph.  
In this paper, we consider the inner product space 𝑅𝑛 and the standard inner product < 𝑥, 𝑦 > =  𝑥1𝑦1 +
𝑥2𝑦2 + ⋯ + 𝑥𝑛𝑦𝑛where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛), 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑛) , 𝑥𝑖 , 𝑦𝑖 ∈ 𝑅.  
Main Results 
In this paper, we consider the generalized alternate snake graph with the pendent edges to have a cycle. 
Theorem 2.1.The corona product of generalized alternate snake graph with 𝑚-copies of 𝐾1, 𝐴𝐺𝑆𝑛,𝑁 ⊙ 𝑚𝐾1is a 
vector basis{(1,1,1,1), (1,1,1,0), (1,1,0,0), (1,0,0,0)}-cordial for all 𝑛 ≥ 2, 𝑁 ≥ 3  and 𝑚 ≥ 1. 
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Proof.  Let 𝑉(𝐴𝐺𝑆𝑛,𝑁 ⊙ 𝑚𝐾1) = {𝑢𝑖,𝑗, 𝑢𝑖,𝑗
𝑘|1 ≤ 𝑖 ≤

𝑛

2
, 1 ≤ 𝑗 ≤ 𝑁 𝑎𝑛𝑑 1 ≤ 𝑘 ≤ 𝑚} and 𝐸(𝐴𝐺𝑆𝑛,𝑁 ⊙

𝑚𝐾1) = {𝑢𝑖,1𝑢𝑖,𝑁, 𝑢𝑖,𝑗𝑢𝑖,𝑗+1|1 ≤ 𝑖 ≤
𝑛

2
, 1 ≤ 𝑗 ≤ 𝑁 − 1} ∪ {𝑢𝑖,𝑁𝑢𝑖+1,1|1 ≤ 𝑖 ≤

𝑛

2
− 1} ∪ {𝑢𝑖,𝑗𝑢𝑖,𝑗

𝑘|1 ≤ 𝑖 ≤
𝑛

2
, 1 ≤ 𝑗 ≤ 𝑁 𝑎𝑛𝑑 1 ≤ 𝑘 ≤ 𝑚} respectively be the vertex and edge sets of 𝐴𝐺𝑆𝑛,𝑁 ⊙ 𝑚𝐾1. Then 

|𝑉(𝐴𝐺𝑆𝑛,𝑁 ⊙ 𝑚𝐾1)| = 𝑝 =
𝑛

2
𝑁(𝑚 + 1)and |𝐸(𝐴𝐺𝑆𝑛,𝑁 ⊙ 𝑚𝐾1)| = 𝑞 =  

𝑛

2
(𝑁(𝑚 + 1) + 1) − 1. Let us 

assign the vectors to the vertices in the following order 
𝑢11, 𝑢12, … , 𝑢1𝑁, … , 𝑢𝑛

2
,1, 𝑢𝑛

2
,2, … , 𝑢𝑛

2
,𝑁, 𝑢11

1, 𝑢11
2, … , 𝑢11

𝑚, … , 𝑢1𝑁
1, 𝑢1𝑁

2, … , 𝑢1𝑁
𝑚, … ,  𝑢𝑛

2
1

1, 𝑢𝑛

2
1

2, … , 𝑢𝑛

2
1

𝑚, 

… , 𝑢𝑛

2
𝑁

1, 𝑢𝑛

2
𝑁

2, … , 𝑢𝑛

2
𝑁

𝑚. There are four case arises.  Let 𝑀 =
𝑛

2
. Then 𝑝 = 𝑀𝑁(𝑚 + 1) and 𝑞 =

 𝑀𝑁(𝑚 + 1) + 𝑀 − 1. 
Case (𝒊): 𝑀 ≡ 0 (𝑚𝑜𝑑 4) 
Then 𝑀 = 4𝑡1, 𝑡1 > 0.  
Subcase (𝑰): 𝑁 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 vertices. Then assign the vector 
(1,1,1,0) to the next 4𝑡1𝑡2vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2vertices.  Assign the vector 
(1,0,0,0) to the next 4𝑡1𝑡2 vertices.  
Subcase (𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 𝑡1) − 1. We assign 
the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 pendent vertices. Then assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3pendent vertices.  Assign 
the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) =

𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 . Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 𝑡1 − 1 and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 +

4𝑡1𝑡2 + 𝑡1. 
Subcase (𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 𝑡1) − 1. We 
assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 pendent vertices and assign the vector (1,1,1,0) to the 
next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 +
4𝑡1𝑡2pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 pendent vertices.  Hence 
𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 . Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 𝑡1 − 1 and 
𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 𝑡1. 
Subcase (𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 𝑡1) − 1. We 
assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 pendent vertices and assign the vector (1,1,1,0) to the 
next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 +
8𝑡1𝑡2pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 pendent vertices.  Hence 
𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 . Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 𝑡1 − 1and 
𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 𝑡1. 
Subcase (𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 𝑡1) − 1. 
Then assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 pendent vertices and assign the vector (1,1,1,0) 
to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 pendent vertices.  Hence 
𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 . Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 𝑡1 −

1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 𝑡1. 
Subcase (𝑰𝑰): 𝑁 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 1,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 𝑡1 vertices and assign the vector 
(1,1,1,0) to the next4𝑡1𝑡2+𝑡1vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2+𝑡1 vertices and  assign 
the vector (1,0,0,0) to the next 4𝑡1𝑡2+𝑡1 vertices.  
Subcase (𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
4𝑡1𝑡3 + 2𝑡1) − 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 pendent vertices and assign the 
vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the 
next16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 pendent 
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vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 𝑡1. Thus 𝛾4 =

16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1 − 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1. 
Subcase (𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 +
4𝑡1𝑡3 + 3𝑡1) − 1. Thereafter assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 𝑡1 pendent 
vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 𝑡1pendent vertices. Then assign 
the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 𝑡1pendent vertices and assign the vector (1,0,0,0) 
to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 𝑡1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) =

𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1 − 1 and 𝛾3 = 𝛾2 =

𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1. 
Subcase (𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡1) − 1. Then assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1pendent vertices. 
Also assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 2𝑡1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) =

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡1 −

1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡1. 
Subcase (𝑰𝑰 𝒅): 𝑚 ≡ 3(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
16𝑡1𝑡2 + 4𝑡1𝑡3 + 5𝑡1) − 1. In this case, assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 +
3𝑡1 pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1pendent 
vertices. Also assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 3𝑡1pendent vertices.  Hence 𝜑(1,1,1,1) =

𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 +

4𝑡1𝑡3 + 5𝑡1 − 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 5𝑡1. 
Subcase (𝑰𝑰𝑰): 𝑁 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 2𝑡1 vertices and assign the vector 
(1,1,1,0) to the next 4𝑡1𝑡2+2𝑡1vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2+2𝑡1vertices and  
assign the vector (1,0,0,0) to the next 4𝑡1𝑡2+2𝑡1 vertices.  
Subcase (𝑰𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 2𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
8𝑡1𝑡3 + 3𝑡1) − 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 pendent vertices and assign the 
vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 pendent vertices.  
Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 2𝑡1. Thus 𝛾4 =

16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 3𝑡1 − 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 3𝑡1. 
Subcase (𝑰𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 +
8𝑡1𝑡3 + 5𝑡1) − 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 2𝑡1 pendent vertices 
and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 2𝑡1pendent vertices. Then assign the 
vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 2𝑡1pendent vertices and assign the vector (1,0,0,0) to 
the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 2𝑡1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) =

𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 5𝑡1 − 1and 𝛾3 = 𝛾2 =

𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 5𝑡1. 
Subcase (𝑰𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 6𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 8𝑡1𝑡3 + 7𝑡1) − 1. Then assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡1 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡1pendent vertices. 
Also assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡1pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡1pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) =



International Journal of Environmental Sciences   
ISSN: 2229-7359 
Vol. 11 No. 18s, 2025  
https://www.theaspd.com/ijes.php 
 

1542 

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 6𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 7𝑡1 −

1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 7𝑡1. 
Subcase (𝑰𝑰𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
16𝑡1𝑡2 + 8𝑡1𝑡3 + 9𝑡1) − 1. In this case assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 +
6𝑡1 pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 6𝑡1pendent 
vertices. Also assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 6𝑡1pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 6𝑡1pendent vertices.  Hence 𝜑(1,1,1,1) =

𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 +

8𝑡1𝑡3 + 9𝑡1 − 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 9𝑡1. 
Subcase (𝑰𝑽): 𝑁 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 3,  𝑡2 ≥ 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 3𝑡1 vertices and assign the vector 
(1,1,1,0) to the next 4𝑡1𝑡2+3𝑡1vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2+3𝑡1vertices and  
assign the vector (1,0,0,0) to the next 4𝑡1𝑡2+3𝑡1 vertices.  
Subcase (𝑰𝑽 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 3𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
12𝑡1𝑡3 + 4𝑡1) − 1. We now assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 pendent vertices and 
assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) 
to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 
pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 3𝑡1. 
Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡1 − 1 and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡1. 
Subcase (𝑰𝑽 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 6𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
8𝑡1𝑡2 + 12𝑡1𝑡3 + 7𝑡1) − 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 3𝑡1 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 3𝑡1pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 3𝑡1pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 3𝑡1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) =

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 6𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 7𝑡1 −

1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 7𝑡1. 
Subcase (𝑰𝑽 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 9𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 12𝑡1𝑡3 + 10𝑡1) − 1. Then assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 6𝑡1 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 6𝑡1pendent vertices. 
Also assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 6𝑡1pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 6𝑡1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) =

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 9𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 +

10𝑡1 − 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 10𝑡1. 
Subcase (𝑰𝑽 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡1) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
16𝑡1𝑡2 + 12𝑡1𝑡3 + 13𝑡1) − 1. In this case assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 +
12𝑡1𝑡3 + 9𝑡1 pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 +
9𝑡1pendent vertices. Also assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 9𝑡1pendent 
vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 9𝑡1pendent vertices.  Hence 
𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡1. Thus 𝛾4 = 16𝑡1𝑡2𝑡3 +

16𝑡1𝑡2 + 12𝑡1𝑡3 + 13𝑡1 − 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 13𝑡1. 
Case (𝒊𝒊): 𝑀 ≡ 1 (𝑚𝑜𝑑 4) 
Then 𝑀 = 4𝑡1 + 1, 𝑡1 ≥ 0.  
Subcase (𝑰): 𝑁 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 4𝑡2 vertices. Then assign the vector 
(1,1,1,0) to the next 4𝑡1𝑡2vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2vertices.  Assign the vector 
(1,0,0,0) to the next 4𝑡1𝑡2 vertices.  
Subcase (𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
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Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡2𝑡3 + 𝑡2) and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
4𝑡2𝑡3 + 𝑡2 + 𝑡1). We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡2𝑡3 − 3𝑡2 pendent vertices. Then 
assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡2𝑡3 + 𝑡2pendent vertices. Thereafter assign the vector 
(1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡2𝑡3 + 𝑡2pendent vertices.  Assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 +
4𝑡2𝑡3 + 𝑡2 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +

4𝑡2𝑡3 + 𝑡2.Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡2𝑡3 + 𝑡2+𝑡1. 
Subcase (𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡2𝑡3 + 2𝑡2) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
8𝑡1𝑡2 + 4𝑡2𝑡3 + 2𝑡2 + 𝑡1). We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡2𝑡3 − 2𝑡2 pendent 
vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡2𝑡3 + 2𝑡2pendent vertices. Thereafter 
assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡2𝑡3 + 2𝑡2pendent vertices and assign the vector 
(1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡2𝑡3 + 2𝑡2 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) =

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡2𝑡3 + 2𝑡2 . Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 +

4𝑡2𝑡3 + 2𝑡2 + 𝑡1. 
Subcase (𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡2𝑡3 + 3𝑡2) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 4𝑡2𝑡3 + 3𝑡2 + 𝑡1). We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡2𝑡3 − 𝑡2 pendent 
vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡2𝑡3 + 3𝑡2pendent vertices. Thereafter 
assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡2𝑡3 + 3𝑡2pendent vertices and assign the vector 
(1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡2𝑡3 + 3𝑡2 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) =

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡2𝑡3 + 3𝑡2 .Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 +

4𝑡2𝑡3 + 3𝑡2 + 𝑡1. 
Subcase (𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2) and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2 + 𝑡1). Then assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 pendent 
vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2pendent vertices. 
Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2pendent vertices and assign 
the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2 pendent vertices.  Hence 𝜑(1,1,1,1) =

𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2 . Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 𝑡1 −

1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡2𝑡3 + 4𝑡2 + 𝑡1. 
Subcase (𝑰𝑰): 𝑁 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 1,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 𝑡1 + 4𝑡2 + 1 vertices and assign 
the vector (1,1,1,0) to the next 4𝑡1𝑡2+𝑡1vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2+𝑡1vertices 
and  assign the vector (1,0,0,0) to the next 4𝑡1𝑡2+𝑡1 vertices.  
Subcase (𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 + 𝑡2 + 𝑡3) + 1and 𝑞 =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 𝑡2 + 𝑡3) + 1. We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 4𝑡2𝑡3 − 3𝑡2 + 𝑡3 pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 +
4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 +
4𝑡2𝑡3 + 𝑡2 + 𝑡3pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 +
𝑡3 pendent vertices.  Hence 𝜑(1,1,1,1) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 + 𝑡2 + 𝑡3 + 1 and  𝜑(1,1,1,0) =

𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 + 𝑡2 + 𝑡3.Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +

4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 𝑡2 + 𝑡3 + 1and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 𝑡2 + 𝑡3. 
Subcase (𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 𝑡3) + 2 and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 𝑡3) + 1. Then assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 − 2𝑡2 + 𝑡3 pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 𝑡3pendent vertices. Then assign the vector (1,1,0,0) to the 
next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 𝑡3pendent vertices and assign the vector (1,0,0,0) to the 
next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 𝑡3 pendent vertices.  Hence 𝜑(1,1,1,1) = 16𝑡1𝑡2𝑡3 +

8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 𝑡3 + 1 = 𝜑(1,0,0,0) and 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 +
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4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 𝑡3. Thus 𝛾4 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 𝑡3 +
1and 𝛾3 = 𝛾2 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 𝑡3. 
Subcase (𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 3𝑡2 + 𝑡3) +
3and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 𝑡3) + 3. Then assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 − 𝑡2 + 𝑡3 pendent vertices and assign the vector (1,1,1,0) to 
the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 3𝑡2 + 𝑡3pendent vertices. Also assign the vector (1,1,0,0) 
to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 3𝑡2 + 𝑡3 + 1 pendent vertices and assign the 
vector(1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 3𝑡2 + 𝑡3 + 1 pendent vertices.  Hence 
𝜑(1,1,1,1) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 3𝑡2 + 𝑡3 + 1 and 𝜑(1,1,1,0) =

16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 3𝑡2 + 𝑡3 Thus 𝛾4 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 +
4𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 𝑡3 + 1and 𝛾3 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 𝑡3. 
Subcase (𝑰𝑰 𝒅): 𝑚 ≡ 3(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 4𝑡2 + 𝑡3 + 1)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 5𝑡1 + 4𝑡2 + 𝑡3 + 1). Then assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 𝑡3 + 1 pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 4𝑡2 + 𝑡3 + 1 pendent vertices. Also assign the vector (1,1,0,0) to 
the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 4𝑡2 + 𝑡3 + 1pendent vertices and assign the vector 
(1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 4𝑡2 + 𝑡3 + 1 pendent vertices.  Hence 
𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 4𝑡2 + 𝑡3 + 1. 
Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 4𝑡2𝑡3 + 5𝑡1 + 4𝑡2 + 𝑡3 + 1. 
Subcase (𝑰𝑰𝑰): 𝑁 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 2𝑡1 + 4𝑡2 + 2 vertices and 
assign the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 2𝑡1vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2 +
2𝑡1vertices and assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 2𝑡1 vertices.  
Subcase (𝑰𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 𝑡2 + 2𝑡3) + 2and =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 2𝑡3) + 2 . We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 4𝑡2𝑡3 − 3𝑡2 + 2𝑡3 − 1pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 2𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 2𝑡3pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 +
8𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 2𝑡3 + 1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 +

4𝑡2𝑡3 + 2𝑡1 + 𝑡2 + 2𝑡3 + 1and 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 𝑡2 + 2𝑡3. 
Thus 𝛾4 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 2𝑡3 + 1and 𝛾3 = 𝛾2 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
8𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 2𝑡3. 
Subcase (𝑰𝑰𝑰 𝒃): 𝑚 ≡ 1(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 2𝑡2 + 2𝑡3 +
1)and = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 5𝑡1 + 𝑡2 + 2𝑡3 + 1).  Then assign the vector (1,1,1,1) to the 
first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 − 2𝑡2 + 2𝑡3 − 1pendent vertices and assign the vector (1,1,1,0) 
to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 2𝑡3 + 1 pendent vertices. Thereafter assign the 
vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 2𝑡3 + 1  pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 2𝑡3 + 1 pendent 
vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 +

2𝑡2 + 2𝑡3 + 1. Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 5𝑡1 + 2𝑡2 + 2𝑡3 + 1. 
Subcase (𝑰𝑰𝑰 𝒄): 𝑚 ≡ 2(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 3𝑡2 + 2𝑡3 +
1) + 2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 7𝑡1 + 3𝑡2 + 2𝑡3 + 1) + 2.  Then assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 − 𝑡2 + 2𝑡3pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 2𝑡3 + 1 pendent vertices. Thereafter 
assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 2𝑡3 + 1  pendent 
vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 2𝑡3 +
2 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 3𝑡2 + 2𝑡3 +

2and 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 3𝑡2 + 2𝑡3 + 1. Thus 𝛾4 = 𝛾1 =
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16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 7𝑡1 + 3𝑡2 + 2𝑡3 + 2and 𝛾3 = 𝛾2 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 +
4𝑡2𝑡3 + 7𝑡1 + 3𝑡2 + 2𝑡3 + 1. 
Subcase (𝑰𝑰𝑰 𝒅): 𝑚 ≡ 3(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 8𝑡1 + 4𝑡2 + 2𝑡3 +
2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 8𝑡1 + 4𝑡2 + 2𝑡3 + 2).  Then assign the vector (1,1,1,1) 
to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 2𝑡3pendent vertices and assign the vector (1,1,1,0) to 
the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 4𝑡2 + 2𝑡3 + 2 pendent vertices. Thereafter assign the 
vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 4𝑡2 + 2𝑡3 + 2  pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 4𝑡2 + 2𝑡3 + 2 pendent 
vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 8𝑡1 +

4𝑡2 + 2𝑡3 + 2. Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 4𝑡2 + 2𝑡3 + 2. 
Subcase (𝑰𝑽): 𝑁 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 3,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 3𝑡1 + 4𝑡2 + 3 vertices and 
assign the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 3𝑡1vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2 +
3𝑡1vertices and assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 3𝑡1 vertices.  
Subcase (𝑰𝑽 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 3𝑡3) + 3and =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 𝑡2 + 3𝑡3) + 3 . We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 4𝑡2𝑡3 − 3𝑡2 + 3𝑡3 − 2pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 3𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 3𝑡3 + 1 pendent vertices and assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 𝑡2 + 3𝑡3 + 1 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,0,0,0) = 𝜑(1,1,0,0) =

16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 3𝑡3 + 1and 𝜑(1,1,1,0) = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 +

4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 3𝑡3. Thus 𝛾4 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 4𝑡1 + 𝑡2 + 3𝑡3 + 1and 
𝛾3 = 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 𝑡2 + 2𝑡3. 
Subcase (𝑰𝑽 𝒃): 𝑚 ≡ 1(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 2𝑡2 + 3𝑡3 +
1) + 2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 7𝑡1 + 2𝑡2 + 3𝑡3 + 1) + 2.  Then assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 − 2𝑡2 + 3𝑡3 − 1pendent vertices and assign the 
vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 3𝑡3 + 1 pendent vertices. 
Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 3𝑡3 +
1  pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 3𝑡1 +
2𝑡2 + 3𝑡3 + 2 pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 +

2𝑡2 + 3𝑡3 + 2and 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 2𝑡2 + 3𝑡3 + 1. Thus 
𝛾4 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 7𝑡1 + 2𝑡2 + 3𝑡3 + 2and 𝛾3 = 𝛾2 = 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 +
12𝑡1𝑡3 + 4𝑡2𝑡3 + 7𝑡1 + 2𝑡2 + 3𝑡3 + 1.  
Subcase (𝑰𝑽 𝒄): 𝑚 ≡ 2(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 3𝑡2 + 3𝑡3 +
2) + 1and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 10𝑡1 + 3𝑡2 + 3𝑡3 + 2) + 1.  Then assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 − 𝑡2 + 3𝑡3pendent vertices and assign the 
vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 3𝑡2 + 3𝑡3 + 2  pendent vertices. 
Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 + 3𝑡2 + 3𝑡3 +
2  pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 6𝑡1 +
3𝑡2 + 3𝑡3 + 2  pendent vertices.  Hence 𝜑(1,1,1,1) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 3𝑡2 +

3𝑡3 + 3and 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 3𝑡2 + 3𝑡3 + 2. 
Thus 𝛾4 = 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 10𝑡1 + 3𝑡2 + 3𝑡3 + 3and 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 10𝑡1 + 3𝑡2 + 3𝑡3 + 2.  
Subcase (𝑰𝑽 𝒅): 𝑚 ≡ 3(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 12𝑡1 + 4𝑡2 + 3𝑡3 +
3)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 13𝑡1 + 4𝑡2 + 3𝑡3 + 3).  Then assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 3𝑡3pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 4𝑡2 + 3𝑡3 + 3  pendent vertices. 
Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 + 4𝑡2 + 3𝑡3 +
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3  pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 + 9𝑡1 +
4𝑡2 + 3𝑡3 + 3  pendent vertices.  Hence 𝜑(1,1,1,1) = 𝜑(1,1,1,0) = 𝜑(1,1,0,0) = 𝜑(1,0,0,0) = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 +

12𝑡1𝑡3 + 4𝑡2𝑡3 + 12𝑡1 + 4𝑡2 + 3𝑡3 + 3. Thus 𝛾4 = 𝛾3 = 𝛾2 = 𝛾1 = 16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 4𝑡2𝑡3 +
13𝑡1 + 4𝑡2 + 3𝑡3 + 3. 
Case (𝒊𝒊𝒊): 𝑀 ≡ 2 (𝑚𝑜𝑑 4) 
Then 𝑀 = 4𝑡1 + 2, 𝑡1 ≥ 0.  
Subcase (𝑰): 𝑁 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 4𝑡2 vertices and assign the vector 
(1,1,1,0) to the next 4𝑡1𝑡2 + 4𝑡2vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2vertices and assign 
the vector (1,0,0,0) to the next 4𝑡1𝑡2 vertices.  
Subcase (𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡2𝑡3 + 2𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
8𝑡2𝑡3 + 2𝑡2 + 𝑡1) + 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡2𝑡3 − 2𝑡2 pendent vertices and 
assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡2𝑡3 − 2𝑡2pendent vertices. Then assign the vector (1,1,0,0) 
to the next 16𝑡1𝑡2𝑡3 + 8𝑡2𝑡3 + 2𝑡2pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 +
8𝑡2𝑡3 + 2𝑡2 pendent vertices. 
Subcase (𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡2𝑡3 + 4𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
8𝑡1𝑡2 + 8𝑡2𝑡3 + 4𝑡2 + 𝑡1) + 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡2𝑡3 pendent 
vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡2𝑡3pendent vertices. Then assign the 
vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡2𝑡3 + 4𝑡2pendent vertices and assign the vector (1,0,0,0) to 
the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡2𝑡3 + 4𝑡2 pendent vertices. 
Subcase (𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We obtain 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡2𝑡3 + 6𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 8𝑡2𝑡3 + 6𝑡2 + 𝑡1) + 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡2𝑡3 + 2𝑡2 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡2𝑡3 + 2𝑡2pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡2𝑡3 + 6𝑡2pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡2𝑡3 + 6𝑡2 pendent vertices. 
Subcase (𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡2𝑡3 + 8𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
16𝑡1𝑡2 + 8𝑡2𝑡3 + 8𝑡2 + 𝑡1) + 1. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡2𝑡3 + 4𝑡2 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡2𝑡3 + 4𝑡2pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡2𝑡3 + 8𝑡2pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡2𝑡3 + 8𝑡2 pendent vertices. 
Subcase (𝑰𝑰): 𝑁 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 1,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 4𝑡2 + 𝑡1 + 1 vertices and assign 
the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 4𝑡2 + 𝑡1 + 1vertices. Also assign the vector (1,1,0,0) to the next 
4𝑡1𝑡2 + 𝑡1vertices and assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 𝑡1  vertices.  
Subcase (𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 2𝑡3) + 2and 𝑞 =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 2𝑡3) + 3. We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 8𝑡2𝑡3 − 2𝑡2 + 2𝑡3 pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 +
4𝑡1𝑡3 + 8𝑡2𝑡3 − 2𝑡2 + 2𝑡3 − 1 pendent vertices. Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 +
4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡2 + 2𝑡3pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 +
8𝑡2𝑡3 + 2𝑡2 + 2𝑡3 + 1pendent vertices. 
Subcase (𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 4𝑡2 + 2𝑡3 + 1)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 4𝑡2 + 2𝑡3 + 1) + 1. Assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 𝑡1 + 2𝑡3 pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 𝑡1 + 2𝑡3pendent vertices. Then assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 𝑡1 + 4𝑡2 + 2𝑡3 + 1  pendent vertices and assign the vector (1,0,0,0) to 
the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 𝑡1 + 4𝑡2 + 2𝑡3 + 1 pendent vertices. 
Subcase (𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
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Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 6𝑡2 + 2𝑡3 + 1) +
2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 6𝑡2 + 2𝑡3 + 1) + 3. We assign the vector (1,1,1,1) 
to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 2𝑡3 + 1 pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 2𝑡3pendent vertices. Then assign the 
vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 6𝑡2 + 2𝑡3 + 1 pendent vertices and 
assign the vector(1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 6𝑡2 + 2𝑡3 + 2pendent 
vertices. 
Subcase (𝑰𝑰 𝒅): 𝑚 ≡ 3(𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 8𝑡2 + 2𝑡3 + 2)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 5𝑡1 + 8𝑡2 + 2𝑡3 + 2) + 1. Assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 4𝑡2 + 2𝑡3 + 1 pendent vertices and assign the vector (1,1,1,0) to 
the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 4𝑡2 + 2𝑡3 + 1pendent vertices. Then assign the vector 
(1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 8𝑡2 + 2𝑡3 + 2 pendent vertices and assign 
the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 8𝑡2 + 2𝑡3 + 2pendent vertices. 
Subcase (𝑰𝑰𝑰): 𝑁 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 4𝑡2 + 2𝑡1 + 2 vertices and 
assign the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 4𝑡2 + 2𝑡1 + 2vertices. Also assign the vector (1,1,0,0) to the next 
4𝑡1𝑡2 + 2𝑡1vertices and assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 2𝑡1  vertices.  
Subcase (𝑰𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 4𝑡3 + 1)and 𝑞 =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 4𝑡3 + 1) + 1. We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 8𝑡2𝑡3 − 2𝑡2 + 4𝑡3 − 1 pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 8𝑡2𝑡3 − 2𝑡2 + 4𝑡3 − 1 pendent vertices. Then assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡2 + 4𝑡3 + 1 pendent vertices and assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡2 + 4𝑡3 + 1pendent vertices. 
Subcase (𝑰𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 4𝑡2 + 4𝑡3 + 2)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 5𝑡1 + 4𝑡2 + 4𝑡3 + 2) + 1. We assign the vector (1,1,1,1) to the 
first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 4𝑡3 pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 4𝑡3pendent vertices. Then assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 4𝑡2 + 4𝑡3 + 2 pendent vertices and assign the vector (1,0,0,0) to 
the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡1 + 4𝑡2 + 4𝑡3 + 2pendent vertices. 
Subcase (𝑰𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 6𝑡2 + 4𝑡3 + 3)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 7𝑡1 + 6𝑡2 + 4𝑡3 + 3) + 1. Then assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 2𝑡2 + 4𝑡3 + 1 pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 2𝑡2 + 4𝑡3 + 1pendent vertices. Now assign 
the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 6𝑡2 + 4𝑡3 + 3 pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 6𝑡2 + 4𝑡3 + 3 pendent 
vertices. 
Subcase (𝑰𝑰𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 8𝑡1 + 8𝑡2 + 4𝑡3 + 4)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 9𝑡1 + 8𝑡2 + 4𝑡3 + 4) + 1. Then assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 4𝑡2 + 4𝑡3 + 2 pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 4𝑡2 + 4𝑡3 + 2pendent vertices. Now assign 
the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 8𝑡2 + 4𝑡3 + 2 pendent vertices 
and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 8𝑡2 + 4𝑡3 +
2  pendent vertices. 
Subcase (𝑰𝑽): 𝑁 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 3,  𝑡2 ≥ 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 4𝑡2 + 3𝑡1 + 3 vertices and 
assign the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 4𝑡2 + 3𝑡1 + 3vertices. Also assign the vector (1,1,0,0) to the next 
4𝑡1𝑡2 + 3𝑡1vertices and assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 3𝑡1  vertices.  
Subcase (𝑰𝑽 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
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Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 6𝑡3) + 2and 𝑞 =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 4𝑡1 + 2𝑡2 + 6𝑡3) + 3. We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 − 2𝑡2 + 6𝑡3 − 2 pendent vertices and assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 − 2𝑡2 + 6𝑡3 − 3 pendent vertices. Then assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡2 + 6𝑡3 + 1 pendent vertices and assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 2𝑡2 + 6𝑡3 + 1pendent vertices. 
Subcase (𝑰𝑽 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 4𝑡2 + 6𝑡3 + 1)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 7𝑡1 + 4𝑡2 + 6𝑡3 + 1) + 1. Assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 6𝑡3 − 2 pendent vertices and assign the vector (1,1,1,0) to the 
next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 6𝑡3 − 2pendent vertices. Then assign the vector (1,1,0,0) to 
the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 4𝑡2 + 6𝑡3 + 1 pendent vertices and assign the vector 
(1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 3𝑡1 + 4𝑡2 + 6𝑡3 + 1pendent vertices. 
Subcase (𝑰𝑽 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 9𝑡1 + 6𝑡2 + 6𝑡3 + 4) +
2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 10𝑡1 + 6𝑡2 + 6𝑡3 + 4) + 3. Assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 − 2𝑡2 + 6𝑡3 + 1 pendent vertices and assign the vector (1,1,1,0) to 
the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 − 2𝑡2 + 6𝑡3 + 1pendent vertices. Then assign the vector (1,1,0,0) 
to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 6𝑡2 + 6𝑡3 + 5 pendent vertices and assign the vector (1,0,0,0) 
to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 6𝑡1 + 6𝑡2 + 6𝑡3 + 5pendent vertices. 
Subcase (𝑰𝑽 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 12𝑡1 + 8𝑡2 + 6𝑡3 +
6)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 13𝑡1 + 8𝑡2 + 6𝑡3 + 6) + 1. Then assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 9𝑡1 + 4𝑡2 + 6𝑡3 + 3 pendent vertices and assign 
the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 8𝑡2𝑡3 + 9𝑡1 + 4𝑡2 + 6𝑡3 + 3pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 9𝑡1 + 8𝑡2 + 6𝑡3 +
6 pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 8𝑡2𝑡3 + 9𝑡1 +
8𝑡2 + 6𝑡3 + 6pendent vertices. 
Case (𝒊𝒗): 𝑀 ≡ 3 (𝑚𝑜𝑑 4) 
Then 𝑀 = 4𝑡1 + 3, 𝑡1 ≥ 0.  
Subcase (𝑰): 𝑁 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2,  𝑡2 > 0. We assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 4𝑡2 vertices. Then assign the vector 
(1,1,1,0) to the next 4𝑡1𝑡2  + 4𝑡2vertices. Also assign the vector (1,1,0,0) to the next 4𝑡1𝑡2 + 4𝑡2vertices.  
Assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 vertices.  
Subcase (𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡2𝑡3 + 3𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 +
12𝑡2𝑡3 + 3𝑡2 + 𝑡1) + 2. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡2𝑡3 − 𝑡2 pendent vertices. 
Then assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡2𝑡3 − 𝑡2pendent vertices. Thereafter assign the 
vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡2𝑡3 − 𝑡2pendent vertices.  Assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡2𝑡3 + 3𝑡2 pendent vertices. 
Subcase (𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡2𝑡3 + 6𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 +
12𝑡2𝑡3 + 6𝑡2 + 𝑡1) + 2. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡2𝑡3 + 2𝑡2 pendent 
vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡2𝑡3 + 2𝑡2pendent vertices. 
Thereafter assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡2𝑡3 + 2𝑡2pendent vertices and assign 
the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡2𝑡3 + 6𝑡2 pendent vertices. 
Subcase (𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0. We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡2𝑡3 + 9𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
12𝑡1𝑡2 + 12𝑡2𝑡3 + 9𝑡2 + 𝑡1) + 2. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡2𝑡3 + 5𝑡2 
pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡2𝑡3 + 5𝑡2pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡2𝑡3 + 5𝑡2pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡2𝑡3 + 9𝑡2 pendent vertices. 
Subcase (𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
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Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0. We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡2𝑡3 + 12𝑡2)and 𝑞 = 4(16𝑡1𝑡2𝑡3 +
16𝑡1𝑡2 + 12𝑡2𝑡3 + 12𝑡2 + 𝑡1) + 2. We assign the vector (1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡2𝑡3 +
8𝑡2 pendent vertices and assign the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡2𝑡3 + 8𝑡2pendent 
vertices. Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡2𝑡3 + 8𝑡2pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡2𝑡3 + 12𝑡2 pendent vertices. 
Subcase (𝑰𝑰): 𝑁 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 1,  𝑡2 > 0. Assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 𝑡1 + 4𝑡2 + 1 vertices. Then assign 
the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 𝑡1 + 4𝑡2 + 1vertices. Also assign the vector (1,1,0,0) to the next 
4𝑡1𝑡2 + 𝑡1 + 4𝑡2 + 1 vertices.  Assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 𝑡1  vertices.  
Subcase (𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 𝑡1 + 3𝑡2 + 3𝑡3) + 3and 𝑞 =
4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 3𝑡2 + 3𝑡3 + 1) + 1. We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 3𝑡3 pendent vertices. Then assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 3𝑡3pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 3𝑡3 − 1 pendent vertices.  Assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡2 + 3𝑡3 + 1 pendent vertices. 
Subcase (𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0.We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 6𝑡2 + 3𝑡3 + 1) +
2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 6𝑡2 + 3𝑡3 + 2). We assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 3𝑡3 + 1 pendent vertices and assign the vector 
(1,1,1,0) to the next16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 3𝑡3pendent vertices. Thereafter assign 
the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 𝑡1 + 2𝑡2 + 3𝑡3pendent vertices and 
assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 𝑡1 + 6𝑡2 + 3𝑡3 + 2 pendent 
vertices. 
Subcase (𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 9𝑡2 + 3𝑡3 + 2) +
1and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 9𝑡2 + 3𝑡3 + 2) + 3. We assign the vector (1,1,1,1) 
to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 5𝑡2 + 3𝑡3 + 1 pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 5𝑡2 + 3𝑡3 + 1 pendent vertices. Thereafter 
assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 5𝑡2 + 3𝑡3 + 1 pendent 
vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 9𝑡2 + 3𝑡3 + 3 
pendent vertices. 
Subcase (𝑰𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0.We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 12𝑡2 + 3)and 𝑞 =
4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 5𝑡1 + 12𝑡2 + 3) + 2. We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 8𝑡2 + 2 pendent vertices and assign the vector (1,1,1,0) to the 
next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 8𝑡2 + 2 pendent vertices. Thereafter assign the vector 
(1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 8𝑡2 + 2 pendent vertices and assign the 
vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 4𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 12𝑡2 + 3 pendent vertices. 
Subcase (𝑰𝑰𝑰): 𝑁 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 2,  𝑡2 > 0. Assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 2𝑡1 + 4𝑡2 + 2 vertices. Then assign 
the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 2𝑡1 + 4𝑡2 + 2vertices. Also assign the vector (1,1,0,0) to the next 
4𝑡1𝑡2 + 2𝑡1 + 4𝑡2 + 2vertices.  Assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 2𝑡1  vertices.  
Subcase (𝑰𝑰𝑰 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 3𝑡2 + 6𝑡3 + 1) + 2and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 3𝑡2 + 6𝑡3 + 2). We assign the vector (1,1,1,1) to the first 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 6𝑡3 pendent vertices. Then assign the vector (1,1,1,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 6𝑡3 − 1 pendent vertices. Thereafter assign the vector (1,1,0,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 6𝑡3 − 1 pendent vertices.  Assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡2 + 6𝑡3 + 2 pendent vertices. 
Subcase (𝑰𝑰𝑰 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0.We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 6𝑡2 + 6𝑡3 + 3)and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 5𝑡1 + 6𝑡2 + 6𝑡3 + 3) + 2. We assign the vector (1,1,1,1) to the 
first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 6𝑡3 + 1 pendent vertices and assign the vector 
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(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 6𝑡3 + 1 pendent vertices. Then assign 
the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 2𝑡2 + 6𝑡3 + 1 pendent vertices 
and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 2𝑡1 + 6𝑡2 + 6𝑡3 + 3pendent 
vertices. 
Subcase (𝑰𝑰𝑰 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 9𝑡2 + 6𝑡3 + 4) +
2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 7𝑡1 + 9𝑡2 + 6𝑡3 + 5). We assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 5𝑡2 + 6𝑡3 + 3 pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 5𝑡2 + 6𝑡3 + 2 pendent vertices. Then assign 
the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 5𝑡2 + 6𝑡3 + 2 pendent vertices 
and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 9𝑡2 + 6𝑡3 + 5pendent 
vertices. 
Subcase (𝑰𝑰𝑰 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 8𝑡1 + 12𝑡2 + 6𝑡3 +
6)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 9𝑡1 + 12𝑡2 + 6𝑡3 + 6) + 2. We assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 8𝑡2 + 6𝑡3 + 4 pendent vertices and assign 
the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 8𝑡2 + 6𝑡3 + 4 pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 8𝑡2 + 6𝑡3 +
4 pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 8𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 +
12𝑡2 + 6𝑡3 + 6pendent vertices. 
Subcase (𝑰𝑽): 𝑁 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑁 = 4𝑡2 + 3,  𝑡2 ≥ 0. Assign the vector (1,1,1,1) to the first 4𝑡1𝑡2 + 3𝑡1 + 4𝑡2 + 3 vertices. Then assign 
the vector (1,1,1,0) to the next 4𝑡1𝑡2 + 3𝑡1 + 4𝑡2 + 3vertices. Also assign the vector (1,1,0,0) to the next 
4𝑡1𝑡2 + 3𝑡1 + 4𝑡2 + 3vertices.  Assign the vector (1,0,0,0) to the next 4𝑡1𝑡2 + 3𝑡1  vertices.  
Subcase (𝑰𝑽 𝒂): 𝑚 ≡ 0 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3,  𝑡3 > 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 3𝑡2 + 9𝑡3 + 1) + 1and 
𝑞 = 4(16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 4𝑡1 + 3𝑡2 + 9𝑡3 + 2) + 3. We assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 9𝑡3 − 1 pendent vertices. Then assign the vector (1,1,1,0) to the 
next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 9𝑡3 − 1 pendent vertices. Thereafter assign the vector (1,1,0,0) to the 
next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 12𝑡2𝑡3 − 𝑡2 + 9𝑡3 − 1 pendent vertices.  Assign the vector (1,0,0,0) to the next 
16𝑡1𝑡2𝑡3 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡2 + 9𝑡3 + 3pendent vertices. 
Subcase (𝑰𝑽 𝒃): 𝑚 ≡ 1 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 1,  𝑡3 ≥ 0.We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 6𝑡2 + 9𝑡3 + 4) +
2and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 7𝑡1 + 6𝑡2 + 9𝑡3 + 5). We assign the vector (1,1,1,1) to 
the first 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 9𝑡3 + 2 pendent vertices and assign the vector 
(1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 9𝑡3 + 1 pendent vertices. Then 
assign the vector (1,1,0,0) to the next16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 2𝑡2 + 9𝑡3 + 1 pendent 
vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 4𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 3𝑡1 + 6𝑡2 + 9𝑡3 +
5pendent vertices. 
Subcase (𝑰𝑽 𝒄): 𝑚 ≡ 2 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 2,  𝑡3 ≥ 0.We get 𝑝 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 9𝑡1 + 9𝑡2 + 9𝑡3 + 6) +
3and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 10𝑡1 + 9𝑡2 + 9𝑡3 + 7) + 1. We assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 5𝑡2 + 9𝑡3 + 4 pendent vertices and assign 
the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 5𝑡2 + 9𝑡3 + 3 pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 + 5𝑡2 + 9𝑡3 +
4 pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 8𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 6𝑡1 +
9𝑡2 + 9𝑡3 + 7pendent vertices. 
Subcase (𝑰𝑽 𝒅): 𝑚 ≡ 3 (𝑚𝑜𝑑 4) 
Then, 𝑚 = 4𝑡3 + 3,  𝑡3 ≥ 0.We have 𝑝 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 12𝑡1 + 9𝑡2 + 9𝑡3 +
9)and 𝑞 = 4(16𝑡1𝑡2𝑡3 + 16𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 13𝑡1 + 12𝑡2 + 9𝑡3 + 9) + 2. We assign the vector 
(1,1,1,1) to the first 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 9𝑡1 + 8𝑡2 + 9𝑡3 + 6 pendent vertices and assign 
the vector (1,1,1,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 9𝑡1 + 8𝑡2 + 9𝑡3 + 6pendent vertices. 
Then assign the vector (1,1,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 9𝑡1 + 8𝑡2 + 9𝑡3 +
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6pendent vertices and assign the vector (1,0,0,0) to the next 16𝑡1𝑡2𝑡3 + 12𝑡1𝑡2 + 12𝑡1𝑡3 + 12𝑡2𝑡3 + 9𝑡1 +
12𝑡2 + 9𝑡3 + 9pendent vertices. 
Hence this vertex labeling𝜑 is a VB {(1,1,1,1), (1,1,1,0), (1,1,0,0), (1,0,0,0)}-cordial labeling of 𝐴𝐺𝑆𝑛,𝑁 ⊙ 𝑚𝐾1 
for 𝑛 ≥ 2, 𝑁 ≥ 3  and 𝑚 ≥ 1. 
 
CONCLUSION 
In this paper, we proved that the corona product of generalized alternate snake graph with m copies of K1 is a 
vector basis {(1,1,1,1), (1,1,1,0), (1,1,0,0), (1,0,0,0)}-cordial. The existence of vector basis 𝑆-cordial labeling of 
the corona operation of more families of graphs with m copies of K1 is an open problem. 
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