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Abstract

In this paper our main focus is to give the lattice structure L, (G) of the lattice of subgroups of the groups of
the upper triangular matrices of the 2 X 2 matrices over Z, under matrix multiplication modulo p, where p is
prime. The lattice structure L, (G) is displayed for p = 2,3,5 and 7.The subgroups are singled out by means
of Lagrange's theorem, Sylow's theorem, a result of N.BourBaki etc.
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INTRODUCTION
The main focus in this paper is on Lattices of subgroups. The study of subgroup lattices has a quite
long history, starting with Richard Dedekind's work [2] in 1877.
The lattice formed by all subgroups of a group G is denoted by L, (G).
In 2015, D. Jebaraj Thiraviam has given the structure of subgroup lattice of the groups of 2 X 2
matrices over Z;, having determined value 1 under composition of function matrix multiplication
modulo p, where p is one of the prime numbers 2, 3, 5 and 7 and studied various lattice identifies
satisfied by it. This motivated us to investigate the lattice structure L(G) of the lattice of subgroups
of the upper triangular matrices of the group G of 2 X 2 matrices over Z,, when p = 2,3,5 and 7.
In this paper, we give the lattice structures of the above.
PRELIMINARIES
Definition 1.1.
A partial order on a non-empty set P is a binary relation < on P that is reflexive, antisymmetric and
transitive.
The pair (P, <) is called a partially ordered set or Poset. Poset (P, <) is totally ordered if every
X,y € P are comparable. That is, if either x < yory < x.
A non-empty subset S of P is a chain in P if S is totally ordered by <.
Definition 1.2.

Let (P, <) be a poset and let S € P. An upper bound for S is an element x € P for which
s< xVs€ES.
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The least upper bound of S is called the supremum or join of S.A lower bound of S is an element
x € P for which x < sV s € S.The greatest upper bound of S is called the infimum or meet of S.
A Poset (P, <) is called a lattice if every pair x,y € P has a supremum and an infimum.
Definition 1.3.

In the poset (p, <), a covers b or b is covered by a (in notation @ > b or b < a) if and only if b <
aand, fornox € P,b < x < a.

Definition 1.4.

An element ‘a’ is an atom if @ > 0 and a dual atom, if a < 1.

Definition 1.5.

A triangular matrix is a special kind of square matrix. A square matrix is called upper triangular if
all the entries below the main diagonal are zero.

Definition 1.6.

A subgroup of G of order p™ where p™ | 0(G) but p™* t 0(G) is called a p-sylow subgroup of G.
Theorem 1.7.[lagrange's Theorem]

If G is a finite group and H is a subgroup of G, then the order of H is a divisor of the order of G.
Theorem 1.8.

If G is a finite group and a € G, then the order of 'a’ is a divisor of the order of G.

Theorem 1.9.

Let G be a finite group and let p be any prime number that divides the order of G. Then G contains
an element of order of p.

Theorem 1.10.[Sylow's Theorem]

If p is a prime number and p%|0(G),p**! t 0(G), then G has a subgroup of order p¥, called a p-
sylow subgroup.

Lemma 1.11.

Let G = {(a bcd): ab,c,d €Z,,ad —bc # O}, Gis a group under matrix multiplication
modulo p. Let G be the set of all upper triangular matrices i.e, G = {(a b0Oc): a,b,c €Z,,ad -

ac # 0}. Then G is a subgroup of G of order p(p — 1)2.
Proof.
The element b can be chosen in p ways.
Since, @ # 0, the number of ways in which a can be chosen is (p — 1).
Also, since ¢ # 0, the number of ways in which a can be chosen is (p — 1).
Therefore, the total number of ways of choosing a, b and ¢ is
p(p—D@E-1.
That is, p(p — 1)? ways
Therefore, 0(G) = p(p — 1)%.
Lattice Structure of L,,(G) when p = 2.

G={(abcd):a,b,c,d €Z,,ad — bc # 0}
=as0(G) =p(@*-D(p-1)

= 6, we have

G={(1001),(0111),(1110),(0110),(1011),(1101)}
Let G ={(ab0c): ab,c €Z,}be the set of all upper triangular matrices over Z, = {0,1}.

Clearly, G ={(1001),(1101)} is a group under matrix multiplication modulo 2 of order 2.
G={e(1101)},wheree=(1001)
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The diagram of L, (G) is as shown in the following figure.

x

{e}
Lattice Structure of L,,(G) when p = 3.
Now, G ={(abcd): a,b,c,d € Z3,ad — bc # 0} is a group under multiplication modulo 3

of order 48,

since,0(G) =p@*—-D(p-1)
=3x8x2
= 48
Let G ={(ab0c): ab,c €Zs3} be the set of all upper triangular matrices,
Aso(G) =p(p—1)?=3B-1)?=12,
G
={(1001),(2002),(2001),(1002),(1101),(2202), (1102),(1201),(2101),(2201
Clearly, G is a group under matrix multiplication modulo 3 of order 12, which is a subgroup
of G.
There are first order, second order, third order and sixth order elements in G.
We arrange the elements according to their orders.
Element of order 1.
e=(1001)
Elements of order 2:
(1002),(1102),(1202),(2001),(2002),(2101),(2201)
Elements of order 3:
(1101),(1201)
Elements of order 6:
(2102),(2202)
Now, we arrange the subgroups of G according to their orders. The two element subgroups
of G are,
H, ={(1001),(1002)},H, = {(1001),(1102)}H; ={(1001),(1202)}
H,={(1001),(2001)},Hs={(1001),(2002)},H,={(1001),(2101)},
H,={(1001),(2201)}
The three-element Subgroup of G is,
K,= {(1001),(1101),(1201)}

The four-element subgroups of G are,

L ={e(1002),(2001),(2002)}

L,=1{e (1102),(2002),(2201)}

Li=1{e(1202),(2002),(2101)}
We note that Hy, Hy, Hs € Ly ; Hy,Hs,H; S Ly; H3,Hs, Hg © Lj
The six-element subgroup of G is,

P,=1{e,(1101),(1201),(2002),(2102),(2202)}
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We note that K; € P;; Hs © Py
We give below the lattice Structure of L,,(G) when p = 3.
G

SN

{e}
Lattice Structure of L,,(G) whenp = 5
Let G be the set of all 2 X 2 nonssingular matrices over Zs. Then G is a group under matrix
multiplication modulo 5 and

o(G) =p@P*-DE-1)

= 480
LetG = {(abO0c):a,b,c €Zs} be the set of all upper triangular matrices where
Ze = {0,1,2,3,4)
we have, 0(G) = p(p — 1)?
=5(5-1)2
=5x%16
= 80

Therefore, G is a group under matrix multiplication modulo 5 of order 80, which is a subgroup of
G.
We arrange the elements according to their orders.
Element of order 1.
e=(1001)
Elements of order 2.
(1004),(1104),(1204),(1304),(1404),(4001),(4004),
(4101),(4201),(4301),(4401)

Elements of order 4.
(1002),(2101),(2002),(2201),(1202),(1003),(3001),
(1103),(3101),(3003),(3301),(1102),(1303),(2303)
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(3302),(2203),(2003),(3002),(3202),(2404),(4402),
(2204),(2004),(4002),(4202),(3404),(4403),(3304),
(3004),(4403),(3304),(3004),(4003),(4303),(1203),
(2103),(3102),(3201),(2301),(1302),(2304),(3204),
(4203),(4302),(3402),(2403),(3104),(4103),(3401),
(1403),(2104),(4102),(2401),(1402),(2001).

Elements of order 5.

There are four elements of order 5.
(1201),(1101),(1301),(1401)

Elements of order 10.

There are four elements of order 10.
(4404),(4104),(4204),(4304).

Elements of order 20.

There are eight elements of order 20.

(2102),(3103),(3203),(2302),(2402),(3403),(3303),(2202).
Now, we arrange the subgroups of G according to their orders

The two-element subgroups of G.

H; to Hy; are the subgroups of order 2

where
H,=(1001),(1004), H,=(1001),(4001),
H;=(1001),(1104), H,=(1001),(4101),
H:=(1001),(4004), H,=(1001),(1404),
H,=(1001),(4401), Hg=(1001),(1304),
Hy=(1001),(4301), Hio=(1001),(1204),

Hi;=(1001),(4201).
The four-element subgroups of G.
K; to K34 are the subgroups of order 4, where
K;=(001),(1002),(1004),(1003),
K,=(1001),(2003),(4004),(3002),
K;=(1001),(2002),(4004),(3003),
K,=(1001),(2004),(4001),(3004),
K:=(1001),(3001),(4001),(2001),
Ke=(1001),(4002),(1004),(4003),
K,=(1001),(2101),(4301),(3201),
Kg=(1001),(2303),(4004),(3202),
Ko=(1001),(2201),(4101),(3401),
Kio=(1001),(3302),(4004),(2203),
Ky, =(1001),(1202),(1104),(1403),
K, =(1001),(2404),(4401),(3204),
Ki3=(1001),(1002),(1004),(1003),
K= (1001),(4002),(1404),(4203),
Kis=(1001),(3101),(4401),(2301),
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Ki=(1001),(2204),(4201),(3104),
K.,=(1001),(3301),(4201),(2401),
Kig=(1001),(4202),(1204),(4103),
Kio=(1001),(1102),(1304),(1203),
Kyo=(1001),(3404),(4301),(2304),
Kb,y =(1001),(1303),(1204),(1402),
Ky, =(1001),(4403),(1304),(4302),
Kys=(1001),(3304),(4101),(2104),
Ky, =(1001),(4303),(1104),(4102),
Kye=(1001),(2103),(4004),(3402),
Kye=(1001),(2403),(4004),(3102),
Ky, =(1001),(1004),(4001),(4004),
Ky =(1001),(1104),(4004),(4401),
Kyo=(1001),(4101),(4004),(1404),
Kso=(1001),(4004),(1304),(4201),
Ky =(1001),(4004),(1204),(4301)

H; € Ki,K¢,Ky7; Hy, € Ky, Ks, K55
Hz © Ky, Koa, Kog; Hy © Ko, K33, Kpo;
H5 c KZJ K3'KS'KlOJK25'K26'K27'K28'K29'K30'K31
He S K13, K14, Kz9; H7 S Ky, K15, Kog;
Hg S K9, K23, K305 Ho S K7, K20, K31;
Hio S Kig, K21, K315 Hi1 S Ky6, K17, K30
The five-element subgroups of G.

L is the subgroup of order 5 where L; = (1001),(1201)(1101),(1301),(1401).

The eight-element subgroups of G.
M; to M;5 are the subgroups of order 8, where,
M, =

(1001),(1002)(1003),(1004),(4001),(4002)(4003)(4004),
M,=(1001),(1004)(2002),(2003),(3002),(3003)(4001)(4004),
M;=(1001),(1004)(2001),(2004),(3001),(3004)(4001)(4004),
M,=(1001),(1204)(2101),(2304),(3201),(3404)(4301)(4004),
Mg=(1001),(1104)(2301),(2404),(3101),(3204)(4401)(4004),
Mg =(1001),(2201)(4101),(3401),(3304),(2104)(1404)(4004),
M,=(1001),(1103)(1404),(1302),(4402),(4203)(4101)(4004),
Mg=(1001),(1202)(1104),(1403),(4303),(4102)(4401)(4004),
My=(1001),(2204)(4201),(3104),(3301),(2401)(1304)(4004),
My, =(1001),(4202)(1204),(4103),(1303),(1402)(4301)(4004),
M, =(1001),(1304)(1102),(1203),(4403),(4302)(4201)(4004),
M, =(1001),(2303)(3202),(3003),(1404),(2002)(4101)(4004),
M;3=(1001),(3302)(2203),(3003),(4401),(2002)(1104)(4004),

M,=(1001),(4201)(3402),(3003),(1304),(2002)(2103)(4004),
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M;5s=(1001),(1204)(4301),(3003),(3102),(2002)(2403)(4004),

M; 2 K;,Kg, Ky7; My, 2 K, K3, Ky
M3 2 Ky, Ks, Ky7; My 2 K7, Ky, K34
Ms 2 K15, Ki5, Kog; Mg 2 Ko, K33, Ko
M; 2 K3, Ki4, Ky9; Mg 2 Kq1, Ko4, Kog
My 2 K6, K17, K30; M1o 2 Kig, K21, K31
My 2 K9, Kop, K305 M12 2 K3, Kg, K9
Mi3 2 K3, Ki0, K285 M14 2 K3, K35, K39
Mis 2 K3, K36, K31
The ten-element subgroups of G.
N; to N3 are the subgroups of order 10, where
Ny
—(1001),(1101),(1201),(1301),(1401),(4404),(4104),(4304),(4204),(4004)
N,
—(1001),(1101),(1201),(1301),(1401),(1004),(1204),(1104),(1304),(1404)
N3
—(1001),(1101),(1201),(1301),(1401),(4001),(4301),(4401),(4201),(4101)
where Hs, L; © Ny,

Hy,H3,Hg, Hg, Hyo, Ly € Ny; Hy, Hyy H7,Hg, Hyq, Ly € N3
The sixteen-element subgroups of G.
P; to P are the subgroups of order 16,where
P
={(1001),(1002),(1003),(1004),(2001),(2002),(2003),(2004),(3001),(3002),
(3003),(3004)(4001),(4002),(4003),(4004)}

P,
={(1001),(1204),(2101),(2304),(3201),(3404),(4301),(4004),(3102),(3003),
(1402),(1303)(4202),(4103),(2002),(2403)}
Py
={(1001),(1104),(2301),(2404),(3101),(3204),(4401),(4004),(1202),(1403),
(4303),(4102)(3302),(2203),(3003),(2002)}
Py
={(1001),(2201),(4101),(3401),(3304),(2104),(4004),(1404),(1103),(1302),
(4402),(4203)(2301),(3202),(3003),(2002)}
Ps
={(1001),(2204),(4201),(3104),(2401),(4004),(1304),(2103),(1102),(1203),
(4403),(4302)(2002),(3003),(3402),(3301)}
and Ml,Mz,M3 gpl, M4,M10,M15 QPZ
Ms, Mg, My3 S P3; Mg, M7, M1, € P,
M9’M111M14- gPS
The twenty-element subgroups of G.
Q; to Q5 are the subgroups of order 20, where
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Q
=1{(1oo1),(3203),(4204),(2402),(1101),(3003),(4104),(2102),(1201),(3303),
(4004),(2302)(1301),(4404),(3103),(2002),(1401)(3403),(4304),(2202)}

Q
=2{(1oo1),(1201),(1101),(1301),(1401),(1002),(1202),(1102),(1302),(1402),
(1003),(1103)(1203),(1303),(1403),(1004),(1304)(1104),(1404),(1204)}

Q
=3{(1oo1),(1201),(1101),(1301),(1401),(2003),(2403),(2203),(2103),(2303),
(4004),(4304)(4404),(4204),(4104),(3002),(3102)(3302),(3402),(3202)}

Q
=4{(1001),(1201),(1101),(1301),(1401),(4002),(4302),(4402),(4202),(4102),
(1004),(1204)(1104),(1304),(1404),(4003),(4303)(4403),(4203),(4103)}

Q
=5{(1001),(1201),(1101),(1301),(1401),(3001),(3101),(3201),(3301),(3401),
(4001),(4101)(4201),(4301),(4401),(2001),(2101)(2201),(2301),(2401)}

Q
=6{(1001),(1201),(1301),(1401),(3404),(3204),(3004),(3304),(3104),(4301),
(4201),(4101)(4001),(4401),(2304),(2004),(2204)(2404),(2104),(1101)}

Q
=7{(1001),(1004),(4004),(1401),(4104),(4401),(1104),(4101),(4204),(1404),
(1304),(4201)(4304),(1204),(1101),(1201),(1301)(4404),(4301),(4001)}

And Ny, K5 © Q1; No, Ky, Ki1, Ki3, K19, K21 € Q3
Nl! KZJKSIKIOiK251K26 c Q3;N21K61K14-' K181K22'K24 c Q4
N3, K5, K7, Ko, K15, K17 S Qs; N3, Ky, K12, K16, K20, K23 S Q6
Nll NZiN3l K27, K28iK291K30'K31 - Q7
The fifty element subgroups of G.
R; to R3 are the subgroups of order 40,where
R,
={(1001),(1004),(2001),(2004),(3001),(3004),(4001),(4004),(1304),(2201),
(2304),(3204)(3304),(4201),(4304),(1104),(2401)(2104),(3104),(4401),(4104),.
(2101),(3404)(4101),(4404),(1204),(4301),(4204)(1101),(1301),(1401),
(1201),(3201)(3401),(3101),(3301),(2301),(2404)(2204)}

R,
={(1001),(1304),(1102),(1203),(4403),(4302),(4004),(4201),(1002),(1201),
(1104),(4304)(4401),(4202),(4003),(1101),(1003)(1302),(4002),(4303),(4301),1
(1403),(1404)(1401),(4101),(4104),(4103),(4102)(4303),(4204),(4402),
(4001),(1103)(1004),(1202),(1301),(1303),(1204)(1402)}
R3
={(1001),(3203),(4204),(2402),(1101),(3003),(4104),(2102),(1201),(3303),
(4004),(2302)(1301),(3103),(4404),(2002),(4201)(1401),(3403),(4304),(2202),1
(1104),(3002)(4101),(2103),(1204),(3302),(4001)(2303),(1304),(3102),
(4401),(2003)(1404),(3402),(4301),(2203),(1004)(2204)}
M3'M4'M5'M6'M9'Q5' Q6’Q7 gRl
le M71M8’M101M111 QZ’ Q4' Q7 c RZ
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M3, My3, My3, M4, My5,Q1,Q3, Q7 S R3
We give below the lattice structure of L, (G) when p = 5.

o

ie}

Lattice Structure of L,,(G) whenp =7
Let G be the set of all 2 X 2 non-singular matrices over Z;. Then G is a group under matrix
multiplication modulo 7 and

o) =p@*-D@E-1
= 2016
LetG = {(ab0c):a,b,c €Z,} be the set of all upper triangular matrices where
7, = {0,1,2,3,4,5,6)
we have, 0(G) = p(p — 1)?
= 7(7 = 1)2
=7X%X36
= 252
Therefore, G is a group under matrix multiplication modulo 7 of order 252, which is a subgroup of
G.
We arrange the elements according to their orders.
Element of order 1.
e=(1001)
Elements of order 2-(15 elements)
(1006),(6001),(1106),(6101),(6601),(1606),(6006),(1206),(6201),(1306),
(6301),(1406),(6401),(1506),(6501)

Elements of order 3-(44 elements)
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(1002),(2001),(1102),(2101),(2002),(2201),(1202),(1004),(4001),(1104),
(4101),(4004),(4401),(1404),(2301),(1302),(2304),(4302),(2404),(4402),
(2204),(2004),(4002),(4202),(1204),(2104),(4102)(2401),(1402),(4201),
(2501),(1502),2601),(1602),(1304),(4301),(4501),(1504),(4601),(1604),
(4502),(2504),(4602),(2604).

Elements of order 6-( 156 elements)

(1003),(3001),(1103),(3101),(3003),(3301),(1303),(1005),(5001),(1105),
(1203),(2103),(3102),(3201),(3204),(4203),3402),(4305),(5304),(4503),
(3405),(3504),(5403),(4506),(5406),(6405),(5604)(4605),(6504),(2303),
(3302),(2203),(2003),(3002),3202),(2505),(5502),(2205),(2005),(5002),

(5202),(2606),(6602),(2206),(2006),(6002),(6202),(3404),(4403),(3304),
(2403),(3004),(4003),(4303),(3505),(56503),(3305),(3005),(5003),(5303),
(3606),(6603),(3306),(3006),(6003),(6303),(4505)(4405),(5504),(4005),

(5004),(5404),(4606),(6604),(4406),(4006),(6004),(6404),(6505),(6605),
(5506),(5006),(6005),(6502),(2305),(3205),(5203),(3502),(2503),(5302),
(2306),(3206),(6203),(3602),(2603),(6302),(3406),(4306),(6304),(4603),
(3604),(6403),(1205),(2105),(5102),(5201),(2106)(6102),(3104),(4103),

(3401),(1403),(1305),(3105),(5103),(3501),(1503),(5301),(3106),(6103),

(3601),(1603),(1405),(4105),(5104),(5401),(4106),(6104),(2405),(4205),
(5204),(5402),(2406),(4206),(6204),(6402),(5306),(6305),(5603),(3605),
(6503),(5106),(6105),(5601),(1605),(2506),(5206)(6205),(5602),(2605),
(5101),(5005),(5501),(1505),(2403),(6205)
Elements of order 7-( 6 elements)
(1101),(1201),(1301),(1401),(1501),(1601)
Elements of order 14- (6 elements)
(6606),(6106),(6206),(6306),(6406),(4506)
Elements of order 21-(12 elements)

(2202),(2102),(4404),(2302),(4204),(2402)(2602),(4504),(4604),(2502),(4304),

Elements of order 42-(12 elements)
(3303),(3103),(5105),(3203),(5005),(5305)(3503),(3403),(3603),(5605),(5405),
Subgroups of different orders are as given below.

The two-element subgroups of G.

H, to Hy5 are the subgroups of order 2

H,=(1001),(1006), H,=(1001),(6001),
Hy;=(1001),(1106), H,=(1001),(6101),
He=(1001),(6601), H,=(1001),(1606),
H,=(1001),(6006), Hy=(1001),(1206),

Hy=(1001),(6201), Hy,=(1001),(1306),

Hy=(1001),(6301), Hy, =(1001),(1406).
Hys=(1001),(6401), H,=(1001),(1506).

Hs=(1001),(6501).
The three-element subgroups of G.
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K; to K, are the subgroups of order 3, where
K, ={(1001),(1002),(1004)},
K, ={(1001),(2001),(4001)},
K;={(1001),(1102),(1304)},
K,={(1001),(2101),(4301)},
K:={(1001),(2002),(4004)},
Ke={(1001),(2201),(4601)},
K;={(1001),(1202),(1604)},
Kg={(1001),(1104),(1502)},
Ky={(1001),(4101),(2501)},
Kio={(1001),(4401),(2601)},
Ki;={(1001),(1404),(1602)},
K, ={(1001),(2301),(4201)},
Ki3={(1001),(1302),(1204)},
K, ={(1001),(2304),(4402)},
Kis={(1001),(2004),(4002)},
Kie={(1001),(2404),(4302)},
K, ={(1001),(2204),(4502)},
Kig={(1001),(4202),(2504)},
Kio={(1001),(2104),(4602)},
K, o ={(1001),(4102),(2604)},
K,y ={(1001),(2401),(4501)},
K,, ={(1001),(1402),(1504)},
The four-element subgroups of G.
L, to L, are the subgroups of order 4, where
L;={(1001),(1006),(6001),(6006)},
L,={(1001),(1106),(6006),(6601)},
L; ={(1001),(1606),(6006),(6101)},
L,={(1001),(1206),(6006),(6501)},
L;={(1001),(6201),(6006),(1506)},
Le=1{(1001),(1306),(6006),(6401)},
L, ={(1001),(6301),(6006),(1406)}.
L2 H1, Hz, H7; L,2 H3, Hs, H-
L;2 H4, H(,, H, ; L2 H7, Hs, His
Ls2 Hy, Ho, Hi4 5 Ls2 H7, Hio, His
L;2 H7, Hiy, Hi

The six-element subgroups of G.
M; to Mg are the subgroups of order 6, where,
M;={(1001),(1002)(1003),(1004),(1005),(1006)},
M,={(1001),(3001)(2001),(4001),(5001)(6001)},
M;={(1001),(1103)(1402),(1606),(1504),(1205)},
M,={(1001),(3101)(2401),(6601),(4501),(5201)},
Mg ={(1001),(3003)(2002),(4004),(5005),(6006)},
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Mg={(1001),(3301)(2501),(6401),(4101),(5601)},
M,={(1001),(1303)(1502),(1406),(1104),(1605)},
Mg=1{(1001),(1105)(1604),(1306),(1202),(1403)},
My=1{(1001),(5101)(4601),(6301),(2201),(3401)},
My, ={(1001),(5501)(4201),(6101),(2301),(3601)},
My; ={(1001),(1505)(1204),(1106),(1302),(1603)},
My, ={(1001),(1203)(1102),(1506),(1304),(1405)},
M;;={(1001),(2103)(4502),(1506),(2204),(4105)},
My, ={(1001),(3102)(2504),(6501),(4202),(5104)},
M;s={(1001),(3201)(2101),(6501),(4301),(5401)},
My ={(1001),(3204)(2002),(6401),(4004),(5102)},
My, ={(1001),(4203)(2002),(1406),(4004)(2105)},
Mg =1{(1001),(3402)(2604),(6601),(4102),(5404)},
Myo={(1001),(2403)(4602),(1606),(2104),(4405)},
My, ={(1001),(3405)(2404),(6006),(4302),(5303)},
My, ={(1001),(4305)(2604),(1106),(4102),(2303)},
My, ={(1001),(5304)(4602),(6101),(2104)(3302)},
My ={(1001),(4503)(2002),(1306),(4004),(2605)},
My, ={(1001),(3504)(2002),(6301),(4004),(5602)},
Mys ={(1001),(5403)(4402),(6006),(2304),(3305)},
My, ={(1001),(4506)(2101),(1206),(4301),(2306)},
My; ={(1001),(5406)(4201),(6006),(2301)(3506)},
My ={(1001),(6405)(1204),(6006),(1302),(6503)},
My ={(1001),(5604)(4502),(6201),(2204),(3602)},
My ={(1001),(4605)(2504),(1206),(4202),(2603)},
Ms; ={(1001),(6504)(1102),(6201),(1304),(6303)},
Ms, ={(1001),(2203)(4302),(1306),(2404)(4205)},
Ms; ={(1001),(2003)(4002),(1006),(2004),(4005)},
M, ={(1001),(3002)(2004),(6001),(4002),(5004)},
Mss={(1001),(3202)(2304),(6301),(4402),(5204)},
My ={(1001),(2505)(4004),(1606),(2002),(4303)},
Ms; ={(1001),(3001)(2001),(4001),(5001)(6001)},
My ={(1001),(2205)(4004),(1106),(2002),(4403)},
My ={(1001),(2005)(4004),(1006),(2002),(4003)},
My ={(1001),(5002)(4004),(6001),(2002),(3004)},
My, ={(1001),(5202)(4004),(6101),(2002),(3404)},
My, =1{(1001),(2606)(4601),(1406),(2201)(4306)},
My ={(1001),(6602)(1604),(6401),(1202),(6304)},
M, ={(1001),(2206)(4201),(1606),(2301),(4106)},
My ={(1001),(2006)(4001),(1006),(2001),(4006)},
My ={(1001),(6002)(1004),(6001),(1002),(6004)},
My; ={(1001),(6202)(1204),(6601),(1302)(6104)},
My =1{(1001),(3505)(2504),(6006),(4202),(5203)},
My =1{(1001),(5503)(4502),(6006),(2204),(3205)},
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Mso ={(1001),(3005)(2004),(6006),(4002),(5003)},
Ms; ={(1001),(3606)(2501),(6006),(4101),(5206)},
Ms, ={(1001),(6603)(1502),(6006),(1104)(6205)},
Ms; ={(1001),(3006)(2001),(6006),(4001),(5006)},
Ms, ={(1001),(6003)(1002),(6006),(1004),(6005)},
Mss ={(1001),(6303)(1602),(6006),(1404),(6105)},
Msg ={(1001),(4505)(2304),(1406),(4402),(2503)},
Ms;, ={(1001),(4606)(2401),(1106),(4501)(2506)},
Msg={(1001),(6604)(1402),(6101),(1504),(6502)},
Mso={(1001),(4406)(2501),(1306),(4101),(2106)},
Mg ={(1001),(6404)(1502),(6301),(1104),(6102)},
Mg, ={(1001),(6505)(1604),(6006),(1202),(6103)},
Mg, =£(1001),(6605)(1304),(6006),(1102)(6403)},
Mg; ={(1001),(5506)(4601),(6006),(2201),(3106)},
Mg, ={(1001),(2305)(4004),(1506),(2002),(4603)},
Mg ={(1001),(5606)(4301),(6006),(2101),(3406)},
Mg ={(1001),(3502)(2404),(6401),(4302),(5504)},
Mg, ={(1001),(5302)(4004),(6501),(2002)(3604)},
Mg =1{(1001),(6203)(1402),(6006),(1504),(6305)},
Mg ={(1001),(5106)(4401),(6006),(2601),(3306)},
My, ={(1001),(5603)(4602),(6006),(2104),(3105)},
M,, ={(1001),(5306)(4501),(6006),(2401),(3206)},
My, ={(1001),(6402)(1404),(6501),(1602)(6204)},
My; ={(1001),(4206)(2601),(1506),(4401),(2406)},
My, ={(1001),(5402)(4004),(6201),(2002),(3104)},
M, ={(1001),(3605)(2604),(6006),(4102),(5103)},
M, ={(1001),(2405)(4004),(1206),(2002),(4103)},
My, ={(1001),(1305)(1404),(1206),(1602),(1503)},
M, ={(1001),(3501)(2601),(6201),(4401),(5301)},

M2 H, Ki 5 M2 H, Ky Ms2 He, Ko
M2 Hs, Ko 3 Ms2Hy, Ks M2 Hi3, Ko
M:2 Hiy, Ks 3 Ms2 Hio, Ky ; Mo2 Hiy, Ko
M2 H4, Kiz 5 Mii2 H3, Kis 5 Mip2 Hiy, Ks
Mi2 Hiy, Kiz ;3 M2 His, Kis Mis2 His, Ky
Mis2 Hi3, Ks M2 Hip, Ks Mis2 Hs, Ko
M2 He, Kio M2 H7, Kis M212 H3, Ko
M2 Hy, Koo M»2 Hip, K5 M2 Hi, Ks
M2 Hy, Kis M2 Hs, K4 M»2 H7, Kio 5
M2 Hy, Kis M2 Hy, Ki7 Mso2 Hs, Kis 5
Msi12 Hy, K5 M32 Hi, Kis Ms32 Hy, Kis
Ms2 Hy, K5 5 Mss2 Hiy, Kis M3s2 He, K5
Ms3:2 Hs, K5 Mss2 H;, Ks H M2 H, Ks
My2 Hy, Ks 5 My2 Hy) K5 Mp2 Hip, Ks
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M2 His, Kq Mu2 He, Kiz Mys2 H, Ko
M2 Hy, Ky 5 My2 Hs, Kis 5 M2 Hy, Kis
M2 Hy, Ki7 Mso2 H7, Kis ;5 Msi2 Hy, Ky 5
Ms,2 H7, Ks Ms;2 Hy, Ko Ms;2 H7, Ki 5
Mss2 Hy, Kt Mse2 Hip, Kis Ms;2 H3, Ky
Mss2 Hyy Kao 5 Mso2 Hip, Ko Meo2 Hiy, Ks 5
M2 Hig, K5 5 Ma=2 H7, K5 Me:2 H7, Ko
Mes2 Hig, Ks Mes2 Hy, Ky Mess=2 His, Kis 5
M2 His, Ks M2 He, Ka; ; Me=2 H7, Kio
Mss2 Hyy Kio 5 Mso2 Hio, Ko Mso2 Hiy, Ks 5
M2 Hy, Kio Mn2 Hy, Kot 5 Mn2 Hs, Kii
M2 Hy, Koo M2 Ho, K5 M52 Hy, Koo
M2 Hs, Ks 5 M#»2 Hs, Kii ;5 M52 Hy, Kio

The seven -element subgroup of G -
Nj is the subgroup of order 7, where,

N,={(1101),(1201)(1301),(1401),(1501),(1601),(1001)}.

The nine -element subgroups of G -

P; to Py are the subgroups of order 9, where,

P
=1{(1002),(1004)(2002),(2004),(4002),(4004),(2001)(4001)(1001)},

P
=2{(1102),(1304)(2002),(4004),(2204),(4502),(2601)(4401)(1001)},

P
=3{(2201)(4601),(2002),(4402),(2304),(4004)(1502)(1104),(1001)},

P,
={(1202),(1604)(2501),(2002),(2404),(4101),(4302)(4004)(1001)},

P
=5{(2101),(43O1)(2002),(1404),(4202),(1602),(4004)(2504)(1001)},

P
=6{(2301),(4201)(1402),(1504),(2002),(4602),(2104)(4004)(1001)},

P, =
{(1352),(1204)(4102),(2604),(4004),(2401),(4501)(2002)(1001)}.
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P2 Ki,K;,Ks,Kis 5 P2 K5,Ks,Ki0,Ki7 5 P32 Ks,Ke,Ks,Ki4
P42 Ks,K7,Ko,Ki6 ;P52 Ky4,K5,K11,Kis ; Pe2 K5,K12,K19,K22
P2 K5,K3,K30,K21
The twelve -element subgroups of G -
Q4 to Q,g are the subgroups of order 12, where,
Q1=
{(1002),(1003),(1004),(1005),(1006),(6001),(6002),(6003),(6004),(6005),(600
Q; =

{(1006),(3001),(2001),(6001),(4001),(5001),(2006),(3006),(4006),(5006),(600

Kl1033??402)(1606)(1504)(1205)(6203){6502)(6006)(6604)(6101)(630
KB1013?;401)(6601)(4501)(5201)(3206)&2506)&6006)(1106)(4606)(530
KBOOS%%EOOZ)(4004)(5005)(6006)&2105)&6301)&4203)(5602)(1406)(350
ﬂ3301%i;501)(6401)44101)(5601)(2106)(4406)(5206)(3606)(6006)(130
ﬂ1303%ﬁ:502)(1406)(1104)(1605)(6102)(6603)(6006)(6404)(6205)(630
Kl105%i§604)(1306)(1202)(1403)(6103)(6602)(6401)(6505)(6304)(600
KS101%?2601)(6301)(2201)(3401)&3106)&1406)&5506)(4306)(6006)(260
KSSOl%%;}Ol)(6101)(2301)(3601)(4106)(6006)(2206)(3506)(1606)(540
KlSOS%i;;O4)(1106)(1302)(1603)(6503)(6601)(6405)(6104)(6006)(620
K1203%ﬁ5102)(15061(1304)(1405)(6504)(6605)(6201)(6403)(6302)(600
KZ103%?5202)(1506)(2204)(4105)&5604)&3205){6201)(5503)(3602)(600
K3102%ﬁ;}o4)(6501)44202)(5104)(1206)(3505)(2603)(6006)(4605)(520
KBZO1%%5101)(6501)(4301)(5401)(4506)(5606)(1206)(3406)(2306)(600
ﬂ3204%ﬁ5302)(6401)(4004)(5102)(5005)(1306)(3003)(2605)(6006)(450
HZ505%%5304)(1606)(2002)(4303)(3003)(6101)(5005)(3404)(6006)(520
H1006§%g205)(2604)(6006)(4102)&5103)&3402)(2303)(6601)(4305)(540
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Q9 =
{(5603),(4602),(6006),(2104),(3105),(3302),(1606),(5304),(4405),(6101),(240
Q20 =
{(3405),(2404),(6006),(4302),(5303),(3502),(6401),(5504),(4205),(1306),(220
Q21 =
{(2003),(4002),(1006),(2004),(4005),(6001),(5003),(3002),(6006),(5004),(300
Q22 =
{(2305),(4004),(1506),(2002),(4603),(6201),(5005),(3104),(6006),(5402),(300
Q23 =
{(2005),(4004),(1006),(2002),(4003),(3003),(6001),(5005),(3004),(6006),(500
Q24 =
{(1305),(1404),(1206),(1602),(1503),(6303),(6501),(6105),(6204),(6006),(640
Q25 =
{(3202),(2304),(6301),(4402),(5204),(4505),(5403),(1406),(3305),(2503),(600
Q26 =
{(4206),(2601),(1506),(4401),(2406),(5106),(6201),(3306),(5301),(6006),(350

Q7 =
{(5502),(4004),(6601),(2002),(3304),(5005),(4403),(6006),(2205),(3003),(110

Qs =
{(2405),(4004),(1206),(2002),(4103),(3003),(6501),(5005),(3604),(6006),(530

QI2 My, Mys, Msy 5 (22 My, Mys, Mss 5 Q32 M3, Msg, Mes
Q42 My, Msy, M7 5 Qs2 Ms, Mig, Mg 5 Q2 Me, M1, Mso
Q12 M7, Ms;, Mo 5 Qs2 Mg, M43, Mer 5 Qo2 Mo, M4z, Me3
Q102 Mio, M2z, Myg 5 Qui2 Mii, Mas, My7 5 Q122 Mz, Msi, Ma
Q132 M3, Moo, Myo 5 Qua2 Mig, Mo, Mys 5 Q152 Mis, Mas, Mes
Q162 Ms, Mig, M2 5 Q112 Ms, Mss, M41 5 Q1s2 Mis, Mai, Mys
Q192 Mig, Mz, M7o 5 Q202 Mao, M3z, Mes 5 Q212 Ms3, Mg, Mso
Q222 M5, Mes, M2s 5 Q232 Ms, Mo, Mo 5 Q242 Mss, M7z, M7
Q252 Mas, Mss, Mss 5 Q262 Mo, M3, Mg 5 Q272 Ms, M7, Mg
Q282 M5, M7, M1s .
And
Lic Q1,Q2,Q:1,Qs L€ Q4,Q11,Q15,Q27 1 L€ Q5,Q10,Q17,Q19
LS Q14,Q15,Q:24,Qs , LsS Q12,Q13,Q2,Q26 . LS Qs,Q5,Q16,Q20
L7g Q5>Q7>Q9>Q25
The fourteen -element subgroups of G -
R; to R3 are the subgroups of order 14, where,

R1=
{(1101),(1201),(1301),(1401),(1501),(1601),(6006),(6106),(6206),(6306),(640
R,
={(1101),(1201),(1301),(1401),(1501),(1601),(1106),(1206),(1306),(1406),(1!
R;
={(1101),(1201),(1301),(1401),(1501),(1601),(6601),(6501),(6401),(6301),(6
And
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Ri2 Ny, H7 ; R,2 Ny, Hi, H3 ,He,Hs, Hio ,H12, Hi4 | Rs2 Ny, Hy, Hs ,Hs,Ho, Hi1 ,Hi3, His

The eighteen -element subgroups of G -

S, to S, are the subgroups of order 14, where,
il{(l002),(1003),(1004),(1005),(2001),(2002),(2003),(2004),(2005),(2006),(41
5;2{(3001),(2001),(6001),(4001),(5001),(2002),(6002),(4002),(5002),(1002),(6l
5;3{(1103),(1402),(1606),(1504),(1205),(2505),(2301),(2403),(2002),(2206),(2i
2{(3101),(2401),(6601),(4501),(5201),(3304),(2604),(6104),(4004),(5404),(31
is{(3003),(2002),(6006),(4004),(5005),(4002),(5003),(1004),(3005),(2001),(31
ie{(3301),(2501),(6401),(4101),(5601),(2404-),(6304),(4004),(5504),(1604),(61
i7{(1303),(1502),(1406),(1104),(1605),(2304),(2105),(2201),(2503),(2002),(41
is{(l105),(1604),(1306),(1403),(4205),(2501),(2605),(2404),(2106),(2002),(41
§€5:101),(4601),(6301),(2201),(3401),(3202),(1502),(5602),(6102),(1104),(520
{(551001=),(4201),(6101),(2301),(3601),(5304),(4004),(6604),(2104),(3404),(150

ill{(l505),(1204),(1106),(1302),(1603),(4305),(4004),(4606),(4102),(4403),(4
S=12{(1203),(1102),(1506),(1304),(1405),(2103),(2002),(2406),(2204),(2305),(21
ils:{(B102),(2504),(6501),(4202),(5104),(2101),(6402),(4004),(5401),(1602),(31
il‘f{(5403),(4402),(6006),(2304),(3305),(1104),(5005),(4601),(6603),(2002),(3i
ils{(4506),(2101),(1206),(4301),(2306),(4202),(2405),(1602),(4605),(2002),(1:
i16{(5604),(4502),(6201),(2204),(3602),(1102),(5301),(4004),(6302),(2601),(3i
i17{(5406),(4201),(6006),(2301),(3506),(1402),(5005),(4602),(6305),(2002),(31
il?{(3405),(2404),(6006),(4302),(5303),(2501),(6505),(4004),(5206),(1202),(31
il?{(3605),(2604),(6006),(4102),(5103),(2401),(6405),(4004),(5306),(1302),(31
53{(5106),(4401),(6006),(2601),(3306),(1102),(5005),(4502),(6605),(2002),(3:
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S
=2%{(3505),(2504),(6006),(4202),(5203),(2101),(6105),(4004),(5606),(1602),(31
And

S$12 M ;M33,M39,Mys P1 $22 M2,M34,M40,M46 Py
$352 M3,Mi9,M36,Ma4 Ps S42 My,Mis,M37,M47 P;
S52 Ms5,Ms0,Ms3,Ms4 P1 S62 Mg,M16,M43,Mes P4
$72 M7,Mi7,M42,Ms6 P5 Ss2 Mg,M13,M32,Ms9 Py
So2 Mg,Mz4,M35,M60,P3 . S102 M10,M22,M41,M58 ,P6
S112 Mi,M21,M38,Ms7 P | S12 Miz,Mi3,Me4,M75 Py
S132 Mis,M15,M¢7,Mn Ps . S142 M5,M35,M5,,Me3 P3
S152 Mag,M30,M76,M77 P5 | S162 M29,M31,M74,M75 P,
S172 M5,M37,Mes,M70 Ps | Si182 Ms5,M0,M51,Mg1 P4
S102 Ms,Mzs,M71,M75 P; | $202 Ms5,M49,Me2,Me9 P2

$212 M5,M45,Ms5,Mq¢s5 Ps

The twenty one -element subgroups of G -

T; to T, are the subgroups of order 21, where,

7=W1{(1101),(1201),(1301),(1401),(1501),(1601),(2102),(4604),(2002),(4404),(21

7;2{(1101),(1201),(1301),(1401),(1501),(1601),(1102),(1202),(1302),(1402),(1.'

7;3{(1101),(1201),(1301),(1401),(1501),(1601),(2001),(2104),(2002),(4404),(21

2{(1(1101),(1201),(1301),(1401),(1501),(1601),(2104),(2204),(2304),(2404),(2!
An

Ti2 Ny, Ks ; T2 Ny, Ky, K5 ,K7,Ks, Ki1,Kis, Koz |

T52 Ny, Kz, K4 ,Ke,Ko, Kio,Kiz, Kai; T42 Ni, Kis, Kis ,Ki6,Ki17, Kis ,Kio, Kao
The twenty eight -element subgroup of G -
U, is the subgroup of order 28, where,
Uy
={(1101),(1201),(1301),(1401),(1501),(1601),(1006),(6001),(1106),,(1206),(1
And
Ui2 Ny, Ry, Ry ,Rs,Ly, Ly ,Ls, Ly Ls, Le ,L7 .
The thirty sixth -element of subgroups of G -
V; to V5 are the subgroups of order 36, where,
Vi
={(1002),(1003),(1004),(1005),(1006),(2001),(2002),(2003),(2004),,(2005),(2
V;
={(1103),(1402),(1606),(1504),(1205),(2505),(2301),(2403),(2002),,(2206),(2
Vs
={(3101),(2401),(6601),(4501),(5201),(3304),(2604),(6104),,(4004),(5404),(3
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Vs
={(3301),(2501),(6401),(4101),(5601),(2404),(6304),(4004),,(5504),(1604),(6
Vs
={(1303),(1502),(1406),(1104),(1605),(2304),(2105),(2201),,(2503),(2002),(4
Ve
={(1203),(1102),(1506),(1304),(1405),(2103),(2002),(2406),,(2204),(2305),(2
vy
={(3102),(2504),(6501),(4202),(5104),(2101),(6402),(4004),,(5401),(1602),(3
And

Vi2 S8, Sy, Ss and Q1,Q2,Q21,Q23; V22 S5, Sio, Si7 and Q3,Q10,Q17,Q10;

V52 84, Si1, Sio and Q4,Q11,Q18,Q27; V42 Ss, Ss, Sis and Q()»Q&QM;QZO;

V52 87, So, Sis and Q5,Q7,Q0,Q25; V62 Si2, Si6, S0 and Q12,Q13,Q22 , Qa6

V2 Si3, Si5, So1 and Q14,Q15,Q24 ,Qas;

The forty second -element of subgroups of G -

W, to W, are the subgroups of order 42, where,

Wy
={(1101),(1201),(1301),(1401),(1501),(1601),(1002),(1003),(1004),(1005),(11
W,
={(1101),(1201),(1301),(1401),(1501),(1601),(3001),(2001),(6001),(4001),(5¢
W
={(1101),(1201),(1301),(1401),(1501),(1601),(3003),(2002),(4004),(5005),(61
W,
={(1101),(1201),(1301),(1401),(1501),(1601),(2103),(4502),(1506),(2204),(4"
Ws
={(1101),(1201),(1301),(1401),(1501),(1601),(3102),(2504),(6501),(4202),(5°
We
={(1101),(1201),(1301),(1401),(1501),(1601),(3204),(2002),(6401),(4004),(5°
Wy
={(1101),(1201),(1301),(1401),(1501),(1601),(4203),(2002),(1406),(4004),(2°
Weg
={(1101),(1201),(1301),(1401),(1501),(1601),(3405),(2404),(6006),(4302),(5:
W
={(1101),(1201),(1301),(1401),(1501),(1601),(4506),(2101),(1206),(4301),(2:
Wio
={(1101),(1201),(1301),(1401),(1501),(1601),(5406),(4201),(6006),(2301),(3!
Wi1
={(1101),(1201),(1301),(1401),(1501),(1601),(6405),(1204),(6006),(1302),(6!
Wi,
={(1101),(1201),(1301),(1401),(1501),(1601),(6504),(1102),(6201),(1304),(6:
And

Wi2 My, M3, M7 , Mg,Mi1,M1, , M7z, Ry [ T

W22 M, Ms, M¢,Mo,M10,M;5 ,M78, Rs,T;

W}QM;R],T[

Wi2 Mis, Mig, Ma1 ,M30,M3,,M33 ,Ms6 Ry, T4

896



International Journal of Environmental Sciences
ISSN: 2229-7359

Vol. 11 No. 148, 2025
https://www.theaspd.com/ijes.php

W52 Mig, Mis, M22 ,M29,M34,M35 ,Mgs, R3, T4
W2 Mis, Mas, M37,M40,M41,Me7 ,M74, R5 | T}
W72 Mi7, Mas, Mss ,M3g,M30,Mes ,M76, Ry | T1
Ws2 Mao, Mas, M4 ,M49,Ms0,M70 ,M75, Ri | Ty;
Wo2 Mas, M4z, M4g,Mas,Ms7,Ms9 \ M3, Ra , T
W102 Mz, Msi, Ms3 ,Me3,Mss,Meo ,Ms1, R1,T5
W12 Mis, Msy, Mss ,Mss,Me1,Me2 ,Mes, Ri , T;
W22 Ms1, Mas, Mas ,M47,Ms58, Mo , M2, R5 | T,

The sixty third -element subgroup of G -

X is the subgroups of order 63, where,

X1
={(4402),(1204),(2001),(2601),(2401),(2101),(2301),(2501),(2201),(4202),(4!
And

XIQ Tl) TZ) T3 )T4

The eighty four -element subgroups of G -

Y; to Y, are the subgroups of order 84, where,

Y,
={(1101),(1201),(1301),(1401),(1501),(1601),(1006),(6001),(1106),(1206),(1:

v

={(5101),(3201),,(2201),(6201),(4101),(5201),(3301),(2301),(6301),(4301)(5301),1
Y3
={(1101),(1201),(1301),(1401),(1501),(1601),(3003),(2002),(4004),(5005),(61
Y,
—{(1101),(1201),(1301),(1401),(1501),(1601),(2103),(4502),(1506),(2204),(4"
And

Yi2 Wi, Wi, Wi 5 22 Wi, Wo, Wio 5 Y32 W3, We, W7 and Y2 Wi, Ws, Wi .

The one twenty six -element subgroups of G -

Z, to Z are the subgroups of order 84, where,

Zy
={(1101),(1201),(1301),(1401),(1501),(1601),(1102),(1202),(1302),(1402),(1!
Zy
={(1101),(1201),(1301),(1401),(1501),(1601),(1102),(1202),(1302),(1402),(1
Z3

= {(1101),(1201),(1301),(1401),(1501),(1601),(1102),(1202),(1302),(1402),(1!
And

Z12 W1, Wi, Wo, Wo; Z,2Wo, Ws, We, Wia 5 232 W5, Ws, Wio, Wit .

We tabulate the subgroups of G, when p=7 in the order in which they lie in different maximal
subgroups(co-atoms).

Intervals [{e}, Vi] in L/(G), i= 1 to 7

Order | Subgroups |
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36 Vi

18 Sl) SZ) SS

12 Q1, Qz, Qa1, Qi3

9 P;

6 M, My, M5, M3, Mg, Mo, Muo, Mys, Mue, Mso, Mss, Msy
4 L:

3 Ky, K, Ks, K5

2 HI, HZ) H7

1 {e}

Order Subgroups
36 V,

18 Ss3, Sio, Si7

12 Qs3, Qio, Qiz, Quo

9 P

6 M3, Ms, Mo, Mo, Moy, Moz, Mg, Myi, Mys, Misg, Mes, Mzo
4 Ls

3 Ks, Kiz, Kio, Kiz

2 H‘h Hé, H7

1 {e}

Order Subgroups
36 Vs

18 S4, S11, S1o

12 Qs Qu1, Qus, Qo7

9 P,

6 My, M5, M1, Mig, Mai, Mag, Mg, Mg, Myg, Ms7, Myi, Mis
4 L,

3 Ks, Ki3, Kao, Kog

2 H3) H5) H7

1 {e}

Order Subgroups
36 A\

18 Se, Ss, Sis

12 Qs, Qs, Qis, Quo

9 P,
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6 Ms, Mg, Mg, Mis, Mo, M3, M3z, Mas, Msi, Mso, Mei, Meg
4 Ls

3 Ks, Ks, Ko, Kie

2 H3, H7) HIO

1 {e}

Order Subgroups

36 Vs

18 S, So, Si4

12 Q5, Q7) Q% Q25

9 P;

6 Ms, M7, My, Mz, My, Meo, Mo, Myz, Mes, Mas, Mss, Mg
4 L,

3 Ks, K, Ks, Kig

2 H+, Hii, Hi

1 {e}

Order Subgroups

36 Vs

18 S12, Si6, S20

12 Qiz, Qu3, Q22, Qa6

9 P,

6 Mz, Msi, Mey, M 15, Moo, Myo, Ms, Mes, Mg, Mo, M3, Mg
4 Ls

3 K5, Ks, Kie, Kiz

2 H7) H()) H14

1 {e}

Order Subgroups

36 \Y%

18 Si3, Sis5, Sut

12 Qig, Qis, Qug, Qus

9 Ps

6 Mg, Mso, Mg, Mis, Mas, Mes, Mss, Mz, Mz, Ms, Mez, Mg
4 L,

3 K4, Ks, Ki1, Kis

2 H7, Hs, His
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1 {e}

Each Viis of order 36.

We observe that the number of subgroups of orders 2,3,4,6,9,12,18 and 36 is 3,4,1,12,1,4,3 and 1
respectively and the lattice structure of the intervals[{e},Vi] are isomorphic. Typically, we display it
for V; as given below.
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