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In this paper, we introduce a new class of spaces referred to as Pythagorean fuzzy nano normal spaces, including their
variants: 8, 0P, 88, da and §B-normal spaces. We also define their corresponding strongly Pythagorean fuzzy
nano normal spaces. These spaces are formulated using the respective types of Pythagorean fuzzy nano open sets within
the framework of Pythagorean fuzzy nano topological spaces. Furthermore, we explore the relationships among these
newly defined spaces and their connections with existing spaces. Additionally, we study their basic properties and
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INTRODUCTION

The concept of fuzzy sets, first introduced by Zadeh in 1965 [41], has found wide-ranging applications in
fields such as decision theory, artificial intelligence, operations research, expert systems, computer
science, data analytics, pattern recognition, management science, and robotics. In 1968, Chang and
Warren [15, 35] extended this concept by introducing fuzzy topological spaces (FTS), incorporating
fundamental topological notions such as open and closed sets, neighborhoods, interiors, closures,
continuity, and compactness. Subsequent studies further explored the applications of fuzzy sets across
various domains [1, 13, 27, 32]. Over time, numerous specialized fuzzy topological structures have been
developed to address specific theoretical and practical needs.

In 1997, Dogan Coker [9, 18, 22] introduced the concept of intuitionistic fuzzy topological spaces and
explored their properties related to compactness and continuity. Building upon intuitionistic fuzzy
setsa€”which account for both membership and non-membership degreesa€”Pythagorean fuzzy sets (PFS)
have gained attention due to their broader applicability [32, 29]. While both set types incorporate
membership (¢) and non-membership (1) degrees, their constraints differ: intuitionistic fuzzy sets satisfy
U+ A < 1, whereas Pythagorean fuzzy sets satisfy u? + A% < 1.

To offer greater flexibility in uncertainty modeling, Yager [38] introduced non-standard fuzzy sets in 2013,
comparing them with intuitionistic fuzzy sets and proposing the Pythagorean fuzzy set (PFS) as an effective
model in decision-making scenarios [3, 40, 39]. PFS has since been applied in areas such as job placement
based on academic performance [23] and mask selection during the COVID-19 pandemic using the
Pythagorean TOPSIS technique [26].

Subsequently, Murat et al. [21] extended the fuzzy topological framework by developing Pythagorean fuzzy
topological spaces (PFTS), inspired by classical fuzzy topological spaces (FTS) [19, 20, 25], and defined
Pythagorean fuzzy continuous functions between such spaces.

In parallel developments, Saha [28] introduced the concept of §-open sets in fuzzy topological spaces.
This concept was further extended in 2019 by Acikgoz and Esenbel [2], who introduced neutrosophic soft
O-topologies. Further contributions were made by Aranganayagi et al., Surendra et al., and Vadivel et al.
(7, 8, 30, 31, 33, 34], who investigated &-open sets in neutrosophic, neutrosophic soft, neutrosophic
hypersoft, and neutrosophic nano topological spaces, particularly focusing on their mappings and
separation axioms.

Similarity measures have emerged as essential tools for quantifying vagueness and evaluating the closeness
between fuzzy sets. In this context, Zhang [16] proposed similarity-based techniques for Pythagorean fuzzy
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multi-attribute decision-making. Peng et al. [24] introduced several new distance and similarity measures
aimed at solving problems in pattern recognition, medical diagnosis, and clustering analysis, also
examining their transformation properties. Wei and Wei [36] further developed cosine-based similarity
functions for decision-making applications.

However, several existing PFS similarity and distance measures suffer from limitations such as
division-by-zero issues, inability to distinguish between positive and negative differences, and
non-compliance with core axioms (e.g., the third and fourth similarity axioms). These counter-intuitive
behaviors [36, 16, 24] hinder the decision-maker’s (DM4a€™s) ability to identify optimal or convincing
alternatives.

The objective of this paper is to address these challenges by proposing a novel similarity measure for
Pythagorean fuzzy sets that overcomes these counter-intuitive limitations and provides a more robust
decision-making tool.

Research Gap: To date, no studies have been reported in the literature on Pythagorean fuzzy nano
topological spaces that investigate newly defined spaces such as Pythagorean fuzzy nano &§B-normal spaces
and strongly Pythagorean fuzzy nano §B-normal spaces.

In this paper, we introduce Pythagorean fuzzy nano normal spaces, including their variantsa€”d, & pre,
6 semi, 6a and df-normal spacesi€’as well as their corresponding strongly Pythagorean fuzzy nano
O-type normal spaces. We explore and analyze their fundamental properties within the framework of
Pythagorean fuzzy nano topological spaces (PFN'ts’s).

Preliminaries
Definition 2.1 [41] Let X be a nonempty set. A fuzzy set A in X is characterized by a membership function
Ua: X = [0,1]. That is:
1, if x€X
uA(x)z{O, if xe¢X
(0,1) ifx ispartlyin X.
Alternatively, a fuzzy set A in X is an object having the form A = {< x,uy(x) > |[x € X} or A=

{<MAT(X)> [x EX}, where the function py(x):X — [0,1] defines the degree of membership of the

element, x € X.

The more x belongs to A, where the grades 1 and 0 denote full membership and full nonmembership,
respectively, the closer the membership value p4(x) is to 1, a fuzzy set is a group of items with varying
degrees of membership, or graded membership.

The traditional concept of a set is expanded upon by fuzzy sets. In classical set theory, an element’s
membership in a set is evaluated in binary terms based on a bivalent condition; it either belongs to the set
or it doesn’t.

Crisp sets are what fuzzy set theory refers to as classical bivalent sets. Since the indicator function of
classical sets is a specific instance of the membership functions of fuzzy sets, fuzzy sets are generalized
classical sets. If the latter only accept values 0 or 1. With the use of a membership function valued in the
real unit interval, fuzzy sets theory enables the incremental evaluation of an element’s membership in a set
[0,1]. Let’s look at two instances:

(i) every employee of XYZ who is taller than 1.8m; (ii) every employee of XYZ who is tall.

In the first example, a classical set and a universe (all XYZ employees) are separated into members (those
over 1.8m) and nonmembers using a membership rule. Because some employees are obviously in the set
and some are definitely not, but some are borderline, the second example is a fuzzy set.

The membership function, u, makes this distinction between the ins, the outs, and the borderline more
precise. Using our second example once more, if X is a member of the universe and A is the fuzzy set of
all tall employees, X (i.e., all employees), then p,(x) would be py(x) = 1 if x is unquestionably tall,
or pu(x) =0 if x is non-tall, or 0 < puy(x) < 1 for borderline circumstances.
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Definition 2.2 [9, 10, 11, 12] Let a nonempty set X be fixed. An IFS A in X is an object having the form: A =
{<xps(),4(x)>|x€X}or A= {(M) |x € X}, where the functions py(x): X = [0,1] and
A4(x): X = [0,1] define the degree of membership and the degree of nonmembership, respectively, of the element
x €X to A, which is a subset of X, and for every x € X: 0 < py(x) + A4(x) < 1. For each A in X:
ma(x) =1 — py(x) — A4(x) is the intuitionistic fuzzy set index or hesitation margin of x in X. The hesitation

margin T4(x) is the degree of nondeterminacy of x € X to theset A and 14 (x) € [0,1]. The hesitation margin is
the function that expresses lack of knowledge of whether x € X or x & X. Thus: pg(x) + A4(x) + m4(x) = 1.

Example 2.1 Let X = {x,y,z} be a fixed universe of discourse and A = {<0'6)’C0'1> , <0'83'/0'1> , <0'5;0'3>}, be the

intuitionistic fuzzy set in X. The hesitation margins of the elements x,y,z to A are as follows: my(x) =
0.3,m4(y) = 0.1 and my(z) = 0.2.

Definition 2.3 [37, 38, 40] Let a non empty set X be a universal set. Then, a Pythagorean fuzzy set A, which is
a set of ordered pairs over X, is defined by the following A = {< x,us(x), 4(x)|x EX} or A=
{<M> |x € X}, where the functions py(x):X — [0,1] and A4(x): X — [0,1] define the degree of
membership and the degree of nonmembership, respectively, of the element x € X to A, which is a subset of X, and for
every x € X, 0 < (ua(2))? + (A4(x))? < 1. Supposing (s (x))? + (A4(x))? < 1, then there is a degree of
indeterminacy of X € X to A defined by my(x) = \/1 — [(Wa(x))? + (A4 (x))?] and mu(x) €[0,1]. In
what follows, (ug(x))? + (A4(x))? + (m4(x))? =1 . Otherwise, ma(x) =0 whenever (y(x))? +
(A4(x))? = 1. We denote the set of all pfs’s over X by pfs(X).

Definition 2.4 [40] Let A and B be pf's’s of the forms A = {< a, uy(a),4(a) > |a € X} and B = {<
a,ug(a),Ag(a) > |a € X}. Then [(i)]
1. AC B ifand onlyif uy(a) < pg(a) and A4(a) = Ag(a) forall a € X.

A=B ifandonlyif A S B and B S A.
A€ = {< a,4(a), pus(a) > |a € X}.
ANB ={<a,uy(a)Aug(a),y(a)Vig(a) > |a € X}.
AUB ={<a,us(a)V ug(a),14(a) A Ag(a) > |a € X}.
0p={<a,01>|a€X}and 1, ={<q,1,0 > [a € X}

1p = 0p and 0p = 1p.

Nk

Definition 2.5 [4] Let U be a nonempty set and R be an equivalence relation on U. Let A be a Pythagorean
fuzzy set in U with the membership function pg(x) and non membership function A4(x), V x € U. The
Pythagorean fuzzy nano lower approximation, Pythagorean fuzzy nano upper approximation and Pythagorean fuzzy
nano boundary approximation of A in (U, R) denoted by PFI(A), PFI(A) and Bpren(A) and they are

respectively defined as follows: [(i)]
L PFRA) = {(x, treay (), Ageay ()Y € [¥]a,x € U}
2. PFR(A) = {6, gy (0, Areay (0))/y € []g,x € U]
3. Brprn(4) = PFR(A) — PFR(A)

where HURr(a) (%) =Ay€[x]R ta(y)
Ara) (%) =Nyerxp 2a V),
HR(a) (x) =Vye[x]r Ha o),
Aﬁ(A) x) =Vyexlr Aa ().
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Definition 2.6 [4] Let U be an universe of discourse, R be an equivalence relationon U and A be a Pythagorean
fuzzy setin U and if the collection Tp(A) = {0?, 1p, PFIR(A), PFR(A), ngg:m(A)} forms a topology then it is
said to be a Pythagorean fuzzy nano topology. We call (U, Tp(A)) (or simply U) as the Pythagorean fuzzy nano
topological space. The elements of Tp(A) are called Pythagorean fuzzy nano open (briefly, PFI0) sets.

Remark 2.1 [4] [tp(A)]€ is called the dual fuzzy nano topology of Tp(A). In short, PFNc sets are Pythagorean
fuzzy nano closed elements of [Tp(A)]€. Therefore, we see that if and only if 1p — G is Pythagorean fuzzy nano open
in Tp(A), then a Pythagorean fuzzy set G of U is pythagorean fuzzy nano closed in Tp (A).

Definition 2.7 [4, 5] Let (U,tp(A)) be a PFItts with respect to A where A is a pfs of U. Let S be a
pfs of U. Then the Pythagorean fuzzy nano [(i)]

1. interior of S (briefly, PFRint(S) ) is defined by PFNint(S) =U{l:] <
S & lisaPFJtoset inU}.

2. closure of § (briefly, PFNcI(S) ) is defined by PFRcl(S)=n{A:SCc
A & AisaPFJtcset inU}.

3. regular open (briefly, PFItro) setif S = PFRint(PFIRcl(S)).

4. regular closed (briefly, PFJrc) set if S = PFNRcI(PFNint(S)).

Definition 2.8 [6] Let (U1, tp(A1)) and (Uy, Tp(A3)) be two PFIits’s. Then a function hp: Uy = U, is
said to be a Pythagorean fuzzy nano continuous (briefly, PFIRCts) function if hp1(G) is PFIRo setin Uy for all
PFNo set G in U,.

Definition 2.9 [14] Let (U,tp(A))be an PFIts and A = {< a,uy(a), 4(a) > |a € X} be an pfs
in X. Then the §-interior and the &-closure of A are denoted by PFNFint(A) and PFNScl(A) and are defined
as follows. PFNSint(A) =U{G|G is an PFNros and G S A} and PFNIcl(A) =N {K|K is an
PFNrcs and A € K}

Definition 2.10 [14] Let (U,tp(A))be an PFIits and A = {< a, pys(a), Ay(a) > |a € X} be an pfs
in X. Aset A is said to be PFI [(i)]

1. &-open set (briefly, PFNSos) if A = PFRSint(A),

2. &-pre open set (briefly, PFNSPos) if A S PFRint(PFRScl(A)).

3. &-semi open set (briefly, PFRNSSos) if A € PFRcl(PFNRSint(A)).

4. § - a open set or a -open set (brieflyy, PFNSaos or PFNaos ) if ACS
PFRIint(PFRcl(PFNSint(A))).

5. 6 - B open set or e* -open set (briefly, PFIRSLos or PFe'os ) if AC
PFRcI(PFRint(PFNScl(A))).

6. & (resp. & -pre, § semi, § -« and & - f ) dense if PFNScl(A) (resp.
PFNSpcl(A), PFNIScl(A), PFNSacl(A) and PFRSLcl(A)) = 1p.
The complement of an PFNSos (resp. PFNRGPos, PFRESos, PFNSaos and PFISPos) is called
an PFNS (resp. PFNEP, PFNSS, PFNSa and PFRSL) closed set (briefly, PFNScs (resp.
PFNSPcs, PFRGScs, PFNSacs and PFISPcs in X.
The family of all PFNdos (resp.
PFNRScs, PFIt6Pos, PFNSPcs, PFI6Sos, PFNSScs, PFNdaos, PFItdacs, PFNS6Bos and
PFNSPcs) of X is denoted by PFRNSOS(X), (resp. PFRICS(X), PFNSPOS(X), PFRSPCS(X),
PFRESOS(X), PFNSSCS(X), PFNREa0S(X), PFNSaCS(X), PFNSLOS(X) and PFRSBCS(X)).

Definition 2.11 [14] Let (U, tp(A))be an PFIts and A = {< a, uy(a),14(a) > |a € X} be an pfs
in X. Then the PFIES-pre (resp. PFNEG-semi, PFNSa and PFISB)-interior and the PFNES -pre (resp.
PFIS-semi, PFNSa and PFNSL)closure of A arve denoted by PFISPint(A) (resp. PFNSSint(4),
PFNRSaint(A) and PFNRSLint(A)) and the PFRSPcl(A) (resp. PFNEScl(A), PFNSacl(A) and
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PFNSPcl(A) and are defined as follows:

PFREPint(A) (tesp. PFRSSint(A), PFRSaint(A) and PFRSBint(4) ) =U{G|G in a
PFNSPos (resp. PFNSESos, PFNS aos and PFRNSLos)and G € A} and PFRSEPcl(A) (resp.
PFNSEScl(A), PFNRSacl(A) and PFNSPcl(A) ) =n{K|K is an PFNSPcs (resp.
PFNEScs, PFNSacs, PFNSLcs) and A € K}.

Definition 2.12  [14] Let (Ui, tp(A1)) and (U, tp(Az)) be any two PFINts s. A mapping
hp: (U1, tp(A41)) = (Uz, tp(A3)) is said to be a Pythagorean fuzzy
[()]

1. continuous (briefly, PFNCts), if the inverse image of every PFNos in (Uy, 1p(43)) is a
PFNos in (Uy, 1p(A41)).

2. d-continuous (briefly, PFRNICts), if the inverse image of every PFNos in (Uy, tp(4,)) is a
PFNSos in (Uy, 1p(A41)).

3. &P-continuous (briefly, PFRIPCts), if the inverse image of every PFINos in (U,, 7p(43)) isa
PFNRSPos in (Uy, 1p(A1)).

4. §S-continuous (briefly, PFISSCts), if the inverse image of every PFNos in (U,, tp(43)) isa
PFNSSos in (Uy, Tp(A1)).

5. Sa-continuous (briefly, PFRSaCts), if the inverse image of every PFIos in (U,, Tp(4,)) isa
PFNRSaos in (Uy, tp(A1)).

6. &B-continuous (briefly, PFRSLCts), if the inverse image of every PFIos in (U,, Tp(4,)) isa
PFNSLos in (Uy, tp(A1)).

Definition 2.13 [17] Let (U, tp(A1)) & (U,, tp(A3)) be a PFNts’s. A mapping hp: (U, Tp(41)) —

(Uy,tp(Ay)) is said to be a Pythagorean fuzzy nano (resp. 6, 68§ and 8P )open map (briefly, PFIO (resp.
PFNRSO, PFNESO and PFRNSPO )) if the image of every PFIos in (Uy, tp(A1)) is a PFItos (resp.
PFNS0s, PFNSSos and PFI6Pos ) in (U,, tp(43)).

Definition 2.14  [17] Let (Ui, tp(41)) & (Uy, tp(Az)) be any two PFIts s. A mapping
hp: (U, tp(41)) = (Uy, tp(A4,)) is said to be Pythagorean fuzzy nano (resp. &, 88 and 8P ) closed map
(briefly, PFRC (resp. PFRSEC, PFNRSSC and PFRSPC )) if the image of every PFItcs in (Uy, tp(A1))
isa PFItcs (resp. PFINScs, PFINSScs and PFISPcs )in (Uy, tp(43)).

Pythagorean fuzzy nano (resp. 8, 8 pre, & semi, & and 8f8) normal spaces

In this section, we introduce Pythagorean fuzzy nano normal spaces and their variants - §, 6P, 68, da
and 8 - and examine their properties.

Definition 3.1 Let (U, tp(A4)) be a PFMNts is said to be Pythagorean fuzzy (resp. §, 6P, 6S, da and 6f)
normal (briefly, PFItNor (resp. PFNSNor , PFISPNor , PFI6SNor , PFNSaNor and
PFRSLNor ) if for any two disjoint PFIc (resp. PFNSc, PFISPc, PFNSSc, PFIhdac and
PFNSLc) sets A and B, there exist disjoint PFIto (resp. PFItdo, PFI6Po, PFIéSo, PFItdao and
PFNRSLo0) sets L and M such that A S L and B € M.

Theorem 3.1 Ina PFItts (U, tp(A)), the following are equivalent: [(i)]
1. U is PFISBNor.
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2. For every PFNSPc set A in U and every PFISPo set L containing A, there exists a
PFNSPo set M containing A such that PFItcl(M) < L.

3. For each pair of disjoint PFISLc sets A and B in X, there exists a PFISPo set L
containing A such that PFcl(L) N B = 0p.

4. For each pair of disjoint PFISLc sets A and B in X, there exist PFNSLo sets L and M
containing A and B respectively such that PFJtcl(L) N PFItcl(M) = 0p.

Proof. (i) = (ii): Let L be a PFNSPo set containing the PFNSPc set A. Then B =1L is a
PFRNSELc set disjoint from A. Since U is PFNIBNor, there exist disjoint PFISLo sets M and W
containing A and B respectively. Then PFIcl(M) is disjoint from B. Since if yg € B, the set W is a
PFNSPo set containing yg disjoint from M. Hence PFItcl(M) < L.
(ii) = (iii): Let A and B be disjoint PFNSPc sets in X. Then BC isa PFNSPo set containing A. By
(ii), there exists a PFNSPo set L containing A such that PFIcl(L) € BC. Hence PFNcl(L) N B =
0p. This proves (iii).
(iii) = (iv): Let A and B be disjoint PFISPc sets in X. Then, by (iii), there exists a PFISLo set L
containing A such that PFJcl(L) N B = 0p. Since PFNcl(L) is PFNSBc set, B and PFRcl(L)
are disjoint PFINSPc sets in X. Again by (iii), there exists a PFISFo set M containing B such that
PFIcl(L) N PFNcl(M) = 0p. This proves (iv).

(iv) = (i): Let A and B be the disjoint PFISBc setsin X. By (iv), there exist PFNSLo sets L and M
containing A and B respectively such that PFNRcl(L) N PFRcl(M) =0p . Since LNM S
PFRcl(L) N PFNRcl(M),L and M are disjoint PFNSPo sets containing A and B respectively. Thus
X is PFNSBNor. width 0.22 true cm height 0.22 true cm depth Opt

Theorem 3.2 Let (U,7p(A)) be a PFNts is PFRSLNor if and only if for every PFISBc set F and
PFNSPo set G containing F, there exists a PFISLo set M such that F € M € PFNcl(M) € G.

Proof. Let (U,tp(A)) be PFNSBNor. Let F be a PFINSPc set and let G be a PFINSPo set
containing F. Then F and G€ are disjoint PFNSPc sets. Since X is PFNSBNor, there exist disjoint
PFNSPo sets My and M, such that F € M; and G¢ € M,. Thus F € M; € M5 € G. Since M5 is
PFNSLc set, so PFRcl(M) € PFRcl(M5) = M5 S G. Take M = M;.This implies that F S M S
PFNRcl(M) < G.
Conversely, suppose the condition holds. Let H; and H, be two disjoint PFRSLc setsin U. Then HS
is a PFISLo set containing Hy. By assumption, there exists a PFISLFo set M such that Hf S M €
PFNcl(M) € H5 Since M is PFRNSLo and PFNcl(M) is PFNRSPc. Then (PFRcl(M))C is
PFNSLo. Now PFNcl(M) € H5 implies that H, S (PFNcl(M))C Also M N (PFNRcl(M))€ <
PFRcl(M) N (PFRcl(M)) =0p . That is M and (PFNcl(M))¢ are disjoint PFRNSLo sets
containing Hy and H, respectively. This shows that (U,1p(4)) is PFRSBLNor. width
0.22 true cm height 0.22 true cm depth Opt

Theorem 3.3  Fora PFItts (U, 1p(A)), then the following are equivalent: [(i)]

1. U is PFIS6LNor.

2. Foranytwo PFNSLo sets L and M whose union is 1p, there exist PFIIPc subsets Ay of L
and By of M whose union is also 1p.

Proof. (i) = (ii): Let L and M be two PFISL0 sets in a PFISBNor space U such that 1p = L U
M. Then L¢, M€ are disjoint PFRNSLc sets. Since X is PFNSLNor, then there exist disjoint
PFNRSPo sets Gy and G, such that L° € G; and M€ € G,. Let Ay = Gf and By = G5. Then A,
and B, are PFNSPc subsets of L and M respectively such that Ay U By = 1p. This proves (ii).

(ii) = (i): Let Ay and By be disjoint PFNSBc sets in U. Then Af and B§ are PFISPo sets whose
union is 1p. By (ii), there exists PFNSLc sets F; and F, such that F; € A, F, € B§ and F; UF, =
1p. Then Ff and Fj are disjoint PFRSGBo sets containing Ay and By respectively. Therefore U is
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PFRSELNor. width 0.22 true cm height 0.22 true cm depth Opt

Theorem 3.4  Let hp: (Uy,Tp(41)) = (Uy, 79 (A43)) be a function. [(i)]
1. If hp is injective, PFNSLIrr, PFNRSBO and U; is PFNSBNor then U, is PFRSLNor.
2. If hp is PFRSLIrr, PFNSLC and U, is PFRSPNor then U; is PFRSLNor.

Proof. (i) Suppose Uy is PFISBNor. Let A and B be disjoint PFRSLc sets in U,. Since hp is
PFRSLIrr, hpl(A) and hpl(B) are PFNSPc in Uy. Since U; is PFRSBNor, there exist disjoint
PFRSPo sets L and M in X such that hp1(4) €L and hpl(B) S M. Now hpl(A) S L=>AC
hp(L) and hp'(B) €M = B € hp(M). Since hp is a PFRSPO map, hp(L) and hp(M) are
PFNRSPo sets in U,. Also LNM =0p = hp(LNM)=0p and hp is injective, then hp(L) N
hp(M) = 0p. Thus hp(L) and hp(M) are disjoint PFRNSLo sets in U, containing A and B
respectively. Thus, U, is PFRSLNor.

(ii) Suppose U, is PFNSBNor. Let A and B be disjoint PFNSPc sets in U;. Since hp is
PFRSBIrr and PFNSLC, hp(A) and hp(B) are PFNSBc sets in U,. Since U, is PFRSBNor,
there exist disjoint PFINSLo sets L and M in U, such that hp(A) € L and hp(B) € M. That is
A € hpl(L) and B € hpt(M). Since hp is PFRSBIrr, hpl(L) and hpt(M) are disjoint PFRSPo
sets such that A € hp1(L) and B € hp'(M). Thus U; is PFRSBNor. width 0.22 true
cm height 0.22 true cm depth Opt

Theorem 3.5  If given a pair of disjoint PFNSLc sets Ag, By of (U, Tp(A)), there is PFNSPCts function
hp such that hp(Ag) = 0p and hp(By) = 1p, then (U,7p(4)) is PFINSLNor.

Proof. Let (U, 7p(A)) be a PFItts. Suppose for any pair of disjoint PFISLc sets Ag, By in U, there
exists a PFNSPCts map hp such that hp(Ag) = 0p and hp(By) = 1p. Let E and F be disjoint
PFRSPc sets in U. Let G and H be disjoint PFRSEPo sets. Since hp is PFRSPCts, hpl(G) and
hpl(H) are PFNRSPo in X. By our assumption, hp(E) = 0p and hp(F) = 1p. Now hp(E) = 0p
implies hpl(hp(E)) € hp1(0p) = E S hpl(hp(E)) € hp1(0p) = E € hp1(0p) . Similarly F C
hpl(1p) . This implies that E € hp1(0p) € hp1(G). Then F € hpl(1p) € hpl(H) . Further,
hp1(G) N hpl(H) = hp*(G N H) = hp1(0p) = 0p. So, we have a pair of disjoint PFNRSBo sets,
hp(G),hp*(H) € 1p such that E € hp'(G) and F € hp'(H) . This proves that (X,Tp) is
PFNRSLNor. width 0.22 true cm height 0.22 true cm depth Opt

Theorem 3.6  Let hp: (U1, tp(A1)) = (Uz, tp(A43)) be a function. If hp is a PFICts, PFRSLO
bijection of a PFINor space U; into a space U, and if every PFIRELc set in U, is PFIRC set, then U, is
PFNSLReg.

Proof. Let A and B be PFNSBc sets in U,. Then by assumption, B is PFIc set in U,. Since hp
is a PFNCts bijection, hp1(A) and hp1(B) is a PFNc set in U;. Since U; is PFINor, there exist
disjoint PFRNo sets L; and L, in U such that hp'(A) € L; and hp'(B) € L,. Since hp is
PFNRSLO, hp(Ly) and hp(Ly) are disjoint PFINSIPo sets in U, containing A and B respectively.
Hence U, is PFISBNor. width 0.22 true cm height 0.22 true cm depth Opt

Remark 3.1 Theorems 3.1, 3.2, 3.3, 3.4, 3.5 & 3.6 are also holds for PFIo, PFNdo, PFISPo,
PFNRGSo, PFNSao and PFISLo sets.

Strongly Pythagorean fuzzy nano (resp. 8, 8 pre, & semi, da and &) normal spaces
In this section, we introduce strongly Pythagorean fuzzy nano 8 normal spaces and their variants &, 8P,
68, 6a and 8B-and explore their properties.

Definition 4.1 A PFNts (U, tp(A)) is said to be strongly Pythagorean fuzzy § (resp. 6P, S, da and 6f3)
normal  (briefly, StPFNOSNor (resp. StPFNOSPNor, StPFISSNor, StPFNRSaNor and
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StPFNSLNor)) if for every pair of disjoint PFItc sets A and B in U, there are disjoint PFNo (resp.
PFNSo, PFI6Po, PFNESo, PFNdao and PFINSLo) sets L and M in U containing A and B

respectively.

Theorem 4.1  Let (U,7p(A)) be a PFIts. Every PFNSLNor space is SETPFIRSLNor.

Proof. Suppose U is PFNSBNor. Let Ay and By be disjoint PFc sets in U. Then Ay and B,
are PFISLcs’s in U. Since U is PFRIPNor, there exist disjoint PFNo sets L and M containing
Ay and By respectively. Since, every PFJo is PFINSLo, L and M are PFISLo in U. This implies
that U is StPFNSBNor. width 0.22 true cm height 0.22 true cm depth Opt

Theorem 4.2 Ina PFIts (U, tp(A)), the following are equivalent: [(i)]

1. U is StPFRSLNor.

2. For every PFJtc set hp in U and every PFIto set L containing hp, there exists a PFISLo
set M containing hp such that PFNSBcl(M) € L.

3. For each pair of disjoint PFJtc sets A and B in U, there exists a PFNSLo set L containing
A such that PFRSBcl(L) N B = 0p.

Proof. (i) = (ii): Let L be a PFNo set containing the PFNRc set hp. Then H = LF is a PFNc set
disjoint from hp. Since U is StPFNSBNor, there exist disjoint PFIRSLo sets M and W containing
hp and H respectively. Then PFINSPcl(M) is disjoint from H, since if yg € H, the set W is a
PFANEPo set containing yg disjoint from M. Hence PFRSELcl(M) < L.

(ii) = (iii): Let A and B be disjoint PFJtc sets in U. Then B¢ is a PFJo set containing A. By (ii),
there exists a PFNSLo set L containing A such that PFNSLcl(L) S B€. Hence PFRSBcl(L) N
B = 0p. This proves (iii).

(iii) = (i): Let A and B be the disjoint PFRSLc sets in U. By (iii), there exists a PFRSLo set L
containing A such that PFNSBcl(L) N B = 0p. Take M = PFNSPcl(L)C. Then L and M are
disjoint PFISLo sets containing A and B respectively. Thus U is StPFRSLNor. width
0.22 true cm height 0.22 true cm depth Opt

Theorem 4.3  For a PFJNts (U, tp(A)), then the following are equivalent: [(i)]

1. U is StPFISBNor.

2. For any two PFNo sets L and M whose union is 1p, there exist PFISBc subsets A of L
and B of M whose union is also 1p.

Proof. (i) = (ii): Let L and M be two PFJto sets in a StPFRSLNor space U such that 1p =L U

M. Then L¢,M¢ are disjoint PFJc sets. Since U is StPFNSLNor, then there exist disjoint
PFNSLo sets G; and G, such that L € G; and M€ € G,. Let A= Gf and B = G5. Then A and
B are PFNSPc subsets of L and M respectively such that A U B = 1p. This proves (ii).
(ii) = (i): Let A and B be disjoint PFNc sets in U. Then A and B¢ are PFNo sets whose union is
1p. By (ii), there exists PFNSBc sets F; and F, such that F; € A, F, € B¢ and F; UF, = 1p. Then
Ff and F§ are disjoint PFNSBo sets containing A and B respectively. Therefore U is
StPFNRSLNor. width 0.22 true cm height 0.22 true cm depth Opt

Theorem 4.4  Let hp: (Uy, tp(A1)) = (Uy, tp(A3)) be a function. [(i)]
1. If hp is injective, PFNCts, PFRSLO and U; is SEPFNRSLNor then U, is StPFNSENor.
2. If hp is PFNREBIrr, PFRSLO and U, is StPFRSLNor then Uy is StPFNSLNor.

Proof. (i) Suppose U; is StPFRSLNor. Let A and B be disjoint PFJc sets in U,. Since hp is

PFNRCts, hp1(A) and hp1(B) are PFNc in U;. Since U; is StPFRSBNor, there exist disjoint
PFRSPo sets L and M in Uy such that hpt(A) € L and hp'(B) S M. Now hpl(A) S L =>AC
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hp(L) and hpl(B) €M = B € hp(M). Since hp is a PFNSPO map, hp(L) and hp(M) are
PFNRSBo set in Uy. Also LNM =0p = hp(LNM) =0p and hp is injective, then hp(L) N
hp(M) = 0p. Thus hp(L) and hp(M) are disjoint PFRNSLo sets in U, containing A and B
respectively. Thus, U, is SEPFNRSBNor.

(ii) Suppose U, is PFRSBNor. Let A and B be disjoint PFJc sets in U;. Since hp is PFRSBIrr
and PFNRSBC, hp(A) and hp(B) are PFNSPc sets in U,. Since U, is PFRSLNor, there exist
disjoint PFNSEBo sets L and M in §B, such that hp(A) S L and hp(B) S M. That is A € hp'(L)
and B € hpt(M). Since hp is PFREBIrr, hpt(L) and hpl(M) are disjoint PFISLo such that
A € hpl(L) and B € hpt(M). Thus U; is PFRSBNor. width 0.22 true cm height 0.22
true cm depth Opt

Remark 4.1 Theorems 4.1, 4.2, 4.3 & 4.4 are also holds for PFNo, PFNSo, PFIOPo, PFNESo and
PFISao sets.

CONCLUSION

In this paper, we investigated Pythagorean fuzzy nano (resp. §, & pre, § semi, da and 8f)normal
spaces and strongly Pythagorean fuzzy nano (resp. &, § pre, § semi, da and §B)-normal spaces using
Pythagorean fuzzy nano (resp. &, § pre, § semi, & and §8)-open and Pythagorean fuzzy nano (resp.
8, 6 pre, 6 semi, 6a and 8f)-closed sets. We analyzed the relationships among these newly defined
spaces as well as their connections with previously established classes. Furthermore, we examined their
fundamental properties and provided characterizations within the framework of Pythagorean fuzzy nano
topological structures.
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