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Abstract

In this paper, we investigate the divected power graph of the divect product of cyclic groups, Zn and Z. where m and n are not
relatively prime. We conduct a detailed structural analysis of the graphs G(Zyxs), G(Zp<2p)and G(Zy"). Here we are utilizing
the algebraic properties of Zn and Zw, where m and n are coprime. The study focuses on how the lack of coprimality influences
the connectivity and hierarchical structure of these directed power graphs.
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1 INTRODUCTION

In this paper, we discussed the directed power graph of the direct product of cyclic groups [3], Z. and Z,, where m
and n are not relatively prime [4]. Here, we focused on studying the structural properties of certain classes of these
digraphs [1] (2] using the properties of Z and Z,.

Let m and n be two positive integers that are not relatively prime. Consider the direct product Z *x Z, of Z» and
Z.. Since m and n are not relatively prime, Z.*Z. is not a cyclic group [3]. Here, we discuss the directed power graph
(5] of ZwxZ, denoted by G(Zu~). Two distinct vertices (x, y) and (u, v) of G(Zu«) are joined by an arc from (x, y) to
(u, v) if and only if (u, v) belongs to the cyclic subgroup generated by (x, y).

For example, Figure 1 shows G(Zz-4).
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Figure 1: G(Z2+4)
If we consider G(Z.«) the following are some immediate observations:
* od((0, 0)) = 0.
* id((0,0)=mn—1
* od((a, b)) = O((a, b)) — 1, where O((q, b)) is the order [3] of (a, b) in the group Zn * Z..
e Ifgcd.(x, n) = 1, then there exist arcs from (0, x) to (0, y), for every 0 <y <n — 1.

2 Structural Properties of G(Z,.,)

Let p be a prime number. Now G(Z,,) has a particular structure. Let us consider these digraphs as flowers with
petals. A petal represents a spanning subdigraph of a collection of vertices in G(Zyx). G(Zx) contains p + 1 petals
with the centre as the vertex (0, 0). Each of these p + 1 petals contains p — 1 vertices other than (0, 0) and they are
adjacent to each other or they are reachable from one another.
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Let us denote these petals by P, Po, Py, Py, *  +, Po—1. Here, P is the petal with vertices (0, 1), (0, 2), -+ -, (0, p — 1).
Now P, i=0, 1, -, p— 1 are petals which are the spanning subdigraph of the vertices in the cyclic subgroup
generated by (1,1) fori=0, 1, - - -, p — 1 in G(Zy). Figure 2 shows G(Z,x;) and G(Z~3) and Figure 3 shows G(Zsxs).
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Figure 2: G (Z,.,) and G(Z; ;) with petals

Theorem 2.1. Let (x, y), 0 <x, y < p be a vertex of G (Zpxp). Then (x, y) € P, if and only ify = ix(modp),i=0, 1,2, - - -,
p—1.
Proof. Suppose (x, y) € P, then by the definition of P, (x, y) and (1, i) are adjacent to each other

0.3
(0.1) (0.3)

Figure 3: G(Z;.s) with petals
Thus, in Z, x Z,, for some positive integer 1,

(x, y) = (1, 1) = x=1y=riinZ,
>= y=xiinZ,
y = xi(modp).
Conversely, suppose that

= y=xiinZ
= (x,5) = (x, xi) in Z, x Z,
= (x,9) = x(1, i) in Zy x Z,.

v = xi(modp)

Thus, (x, y) € P.

3 Structural Properties of G(Z,.,,)

Let p be an odd prime number. Then G(Zy) has a particular structure that is different from that of G (Zy). In
G (Zyx3p), there exists a vertex (0, p) that has order 2 in the group Z, x Z,,, which we call the centre of attraction of G
(Zyx2). We denote this vertex by z.
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Theorem 3.1. Let p be an odd prime. Then the in-degree of the centre of attraction of G(Zpx2p) is p* — 1.

Proof. The vertices in G(Z,«5») have an order of either p or 2p. Consider the vertices (x, y) # (0, 0) with 0 < x < p —
1,0<y<2p—1andy= I(mod 2) which are different from z. Then the order of these elements in the group Z, x
Zyp is

Le.m{O®) in Z,, O@) in Zy} = Le.m{p, 2p} or Le.m{1, 2p}= 2p.

Now, since y is odd, px = O(mod p) and py = p(mod 2p). Therefore, p(x, y) = (px, py) = (0, p) in Z, x Zy, and hence
these elements, which have order 2p in the group Z, x Z,, generate (0, p). Thus, there exist arcs from these vertices
to (0, p) in G(Zyx2). Now there are p choices for x and p choices for y, thus there are p* such vertices (x, y). But this
includes z = (0, p) also. So the number of vertices G in G whose order 2p in the group Z, x Zy, is p* — 1, and these
p? — 1 vertices contribute p* — 1 to the in-degree of z = (0, p).

Now, let (a, b) be a vertex in G (Z,x,») whose order in the group Z, x Zy; is p.

Case(i) a = 0 and b is even.

Consider the subgroup generated by (0, b). That is,

<(0, b) >={(0, b), (O, 2b), (O, 3b), - - -, (O, (p — 1)b)}.

Since b is even, for any positive integer r, b is not equal to p in Z,,. So an arc does not exist from (0, b) to (0, p).
Case(ii) a#0 and b is even.

Consider the subgroup generated by (a, b). That is,

<(a, b) >={(a, b), (2a, 2b), (3a, 3b), - - -, ((p — Da, (p — 1)b), (pa, pb)}

Since b is even, (pa, pb) = (0, 0) in Z, x Zy. So the element (0, p) is not in this collection. Hence, there exists no arc
from (a, b) to (0, p) in G (Zpxyp).

Casel(iii) a#0 and b = 0.

Consider the subgroup generated by (a, 0), this subgroup never contains an element of the form (0, p). So there
exists no arc from (a, b) to (0, p) in G(Zy»). Therefore, there exists no arc from a vertex whose order in Z, x Z,, is
p to the vertex (0, p). Hence, the in-degree of centre of attraction is p* — 1.

Note that the spanning subdigraph of the vertices of the form (o, j), forj= 0, 1,2, -+, 2p— 1 and j # p in G(Z~)
forms a petal which is denoted by P.

Theorem 3.2. Let p be an odd prime. Then the petals other than P of G (Zpxyp) contain the wvertices which are in the cyclic
group generated by either the vertex of the form (1, i) or the vertex of the form (1, p +i) fori=0,1,-++,p— 1.

Proof. The cyclic subgroup generated by (1, i) contains the elements of the form k(1, i), fork=1,2, -+ 2p.
Case(i) i is odd

Note that p(1, i) # (0, 0). Thus,

(1,9 >={(1,0),(2, 2), - -+, (p— 1, (b —0), (O, p), (1, (p + 1)), (2, (p + 2)i), - - -, (O, O)}

having order 2p and the spanning subdigraph of < (1, i) > in G (Z«;) forms a petal. The generators of this cyclic
subgroup are (1, 1), (3, 39), -+ +, (p — 2, (b — 2)), (2, (p + 2)i), - - -, (p — 1, (2p — 1)i) and they are adjacent to each
other. The remaining vertices of this petal are of order p in the group Z, x Z,, and are adjacent to each other by the
definition of G (Zyxy). So for each oddi € {0, 1, 2, - - -, p — 1}, (1, i) generates a petal, each of which contains 2p —
1 vertices.

Case (ii) i is even

Then <(1, p +i)>={k(1,p +i): k=1, 2, -+, 2p} has order 2p and these vertices forms a petal. Here (2, 2i), (4, 4i),
e =L =D, (L, p+i), 3, p+30),:--,and (p — 2, p + (p — 2)i) are the vertices having order 2p in Z, x Z,,
and they are adjacent to each other. The remaining elements of < (1, p + i) > are of order p in Zy x Z,, and they are
adjacent to each other. So for each eveni €{0, 1,2, - -+ -, p — 1}, (1, p + i) generates a petal each of which contains
2p — 1 vertices.

Now if i is odd, there are (p — 1)/2 petals with 2p — 2 vertices other than (0, 0) and if i is even, there are (p + 1)/2
petals with 2p — 2 vertices other than (0, 0). Also, there are 2p — 2 vertices in the petal, P. Thus, the number of
vertices in each petal P, i =0, 1, 2, - - -, p — 1, and the petal P together with the vertices (0, 0) and (0, p) is

Béj{Zp—2)+£§£{2p—2)+(2p—2)+2

=p>—2p+1+p* —1+2p-2+2=2p°
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Since the number of vertices in G (Zy«) is 2p*, all the vertices of G (Zy«) are in some unique petals.

Note: The petals other than P in G (Zy) contain the vertices which are the elements in the cyclic subgroup
generated by (1, 9), if i is odd, and by (1, p + i) if i is even and is denoted by P, i =0, 1, - - -, p — 1. Thus, we can
say that G (Zyx2) contains (p + 1) petals, and each of these p + 1 petals contains 2p - 2 vertices other than (0, 0). Out
of these 2p — 2 vertices of a petal, p — 1 vertices are of order p and the remaining p — 1 vertices are of order 2p in
the group Z, x Z,. The vertices with the same order are adjacent to each other and the vertices with order 2p are
adjacent to the vertices with order p. Also, there are arcs from the vertices having order 2p to the vertex (0, p),
centre of attraction of G (Zyxp).

For example, Figure 4, and Figure 5 show G (Z3xs), and G (Zsx0) respectively.

Theorem 3.3. Let (x, y), x%0 be a vertex in G (Zyxzp). If (x, y) € P then y = xi(modp).
Proof. Case (i): i is odd.

P: contains the vertices that are in the cyclic subgroup generated by (1, i).

So if (x, y) is in P;, then for some positive integer r # p, in Z, X Zyy,

y)=r(lLL)) = x=rinZpandy=riinZyp
> x = r(modp) and y = ri(mod2p)
> x—r=kpandy — ri=ki2p for some k ki
= y— {x — kpli=ki2p
= y—xi=(2ki — ki)p

= y = xi(modp).

L3N]

Figure 5: G (stio)
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Case (ii): i is even.

If (x, y) is in P;, then for some v # p in Z, x Z,p

(o, y)=1(1, p +1i) = x=rinZ,andy=1(p + i) in Zy
> r—x=kpandy—rp—r1i=2kp, k ki €EZ

= r=kp+xandy—1(p+i)=2kp

=y = (kp +0(p +1) = 2k,p

= y—kp’ — kpi — px —xi — 2k;p =0

= y—xi = 0(modp)

= y=xi(mod p).

Thus in both cases y = xi(mod p).

Theorem 3.4. Let (x, y), x # 0 be a vertex in G (Zpyp). If y = xi(mod 2p) or y = p + xi(mod 2p), then (x, y) € P.
Proof. Let us consider two cases.

Case(a): 7is even

Claim: (x, y) = «(1, p + i), for some integer r.

(i) x is even.

Since x is even,

x(p + 1) = xp + xi =xi =y (mod 2p).

Also,

(p+2)(p+ )= (p+0p + (p+ )i
p + pi +xi (mod 2p)

p + xi (mod 2p)

=y (mod 2p).

(il) xis odd.

Since x is odd,
x(p+i)=xp+xi=p+xi=y(mod 2p)
Also,

(b +0(p +)=(p + x)p + (p + x)i

=0+ pi + xi (mod 2p)

=xi (mod 2p)

=y (mod 2p).

Since p + x =x(mod p), (x, y) = (1, p + i) for either r=xorr=p +x.
Case(b): 7is odd.

Claim: (x, y) = «(1, i), for some integer r.

x(1, i) = (x, xi) = (x, y) in Zp X Zyp.

Also, since i is odd,

(b + (L, ) = (p +x (p+x)i)

= (p+x, pi + xi)

= (x, p+xi)

= (x,9) in Zy x Zyp.

Thus, (x, y) = (1, i) for either r=xorr=p + x.

4 Structural Properties of G(prpz)

Consider G(Zy.), where p is a prime number. These digraphs contain p — 1 vertices of the form (0, ip), where
i=1,2,++-,p— 1. We call these vertices center of attractions of the digraph and are denoted by z, i = 1,
2,+ -+, p— 1, whose order in the group Z, x Z,*is p. There exist arcs from all the vertices of G(Z,) except
(0, 0) and the vertices whose order in the group Z, x Z,%s p to these z. Now the vertices of the form i(1,
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0), i(1, p), i(1, 2p), + = -, i(1, (p — 1)p), where i =1, 2, - - -, p — 1 whose order in the group Z, x Z,”is p form
p — 1 small petals with p — 1 vertices. Forj=1,2, - -+, p — 1, i(1, jp) form small petals.

Now there exists a petal Py containing all the vertices of the form (0, i), where i = 1,2, - + -, p* —1 except i = p,
2p, -+, (p=1)p. Also, fori=1, 2, -« -, p—1, there exists petals P; containing the vertex (1, i). This P: contains p(p —
1) vertices that are adjacent to each other. For a fixed i, vertices in P: are (1, i), (1, (1+p)i), (1, (1+ 2p)i), -+ - -, (1, (1

+(p— Dph), (2, 20), (2, 2 +p)i), (2, 2+ 2p)i), -+ -, (b= L, (p=1)1), (p =1, Zp— 1)), (p =1, Bp = 1)i), - - -, (p — 1,
(p — 1 +(p — 1)p)i) as elements in Z, x Z, % That is, the vertices are of the form (1, (1 + jp)i), (2, 2 +jp)i), - - -, (p —
1) ((P_ 1) +]P)l), Wherevj = 1’ 2’ ) P_ 1 in ZP x ZP2~

That is, for a fixed k = 1, 2, - - -, p—1, the vertices in P are of the form (k, (k+jp)i),j=1,2, -+, p—1inZ, x Z,°.
For example, Figure 6 shows G (Z3).

Al
) (2,7)

k .' "A‘ (0.4)\ \\\\ /, / & N

P

Figure 6 : G (Z;.,)

Theorem 4.1. Two vertices (a, b) and (a, d) in G(Zyx?) are in the same petal P; if and only if b — d = O(modp).
Proof. Suppose (a, b), (a, d) € P, then (a, b) = (k, (k + j,p)i) € Zp x Z,*
>a=kandb=(a+jp)i €Z°.
Similarly, (a, d) € P. Then, d = (a + j,p)i € Z,*.
So, b —d = (j1 — j2)pi = 0(modp).
Conversely, suppose that (a, b) and (g, d) are in different petals, say, Ps and P respectively.
Then, b=(a+jp)sand d = (a + j,p)t.
So, b—d = (as — at) + (jis — j2t)p
=(s—ta+ (s —pop
= (s — t)a (modp).
Since 1 <s#t<p—1, (s — t)a 5 O0(modp).
Thus, b — d 5 0(modp).
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